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κινω̂ τ ὴν γη̂ν 3 16

6×1027 60 6×104

6×1027÷6×104 = 1023

1/10000 1013

24 3000

264

146

120

218



201

214

268 208

200 118

120 180

8 5



7 29

212

150 235



11

135

1784 1860

1924

3 32



2/3

75

106 43

1985 8 15



480 1910 1915

1912

1921

1938

1944

5

1) 7 5 2) 1 4 3 8 2 6



1906

1854 1928

1908

185

1230 1286

15

1

D ABC AC D

OY B ABCD



△ABC 4/3

B

AC B

ABC

AC

4/3

y = ax2 (1)

A C

x1 x2 AC

y = ax1x+ ax2x− ax1x2 (2)

C CF

y = 2ax2x− ax2
2

(3)

DB CF E B ED

D B E x1 + x2
2

(2) (1) (3)

yD =
a(x2

1
+ x2

2
)

2
yB = a

(

x1 + x2

2

)2

yE = ax1x2

B D E

AF//OY CF F CB AF K K

FA KH = KC AC M MQ



OY CK P CF Q N M

x0 2 1 3 M N Q

yM = ax1x0 + ax2x0 − ax1x2

yN = ax2
0

yQ = 2ax2x0 − ax2
2

MQ

MN
=

yM − yQ

yM − yN
=

x2 − x1

x0 − x1
=

AC

AM

=
KC

KP
=

HK

KP

1 D

B B ED

340

1 2

2 MQ : MN = AC : AM 5

HP

K MQ : MN = HK : KP

MN H MQ P

MQ M

MN △AFC MQ

MN H

H △AFC

H △AFC

KC K KC(= KH)

1/3 △AFC 1/3

△AFC = 4△ABC ABCD △ABC

AF = 2DE = 4DB 4



4/3

1

2

3

2

4

3/2

34



5

1

2

5

a b n na > b

44 9

A = B

A > B A < B

2



6 C

I

14

A r l r l

R R2 = rl S = πR2

R B πR2 S = B =

πR2 S > B 6 Cn

In

Cn

In
<

S

B

A Dn Pn

Dn Ln = lPn/2

Dn = 12rPn/2 Dn Cn

Dn

Cn

=
r2

R2
=

r

l
=

rPn/2

LPn/2
=

Dn

Ln

C/I 1 C/I 1



Cn = Ln

Cn

In
=

Ln

In
<

S

B

S Ln

B In S < B

S = B = πR2 S = πrl

33 4

34

4

3/2

35 44

9 2

4

r h 2r − h

a V1 =
π
3
h2(3r − h) V2 =

π
3
(2r −

h)2(r + h) m
n

V1

V2

= m
n

h3
− 3rh2 +

4m

m+ n
r3 = 0

(2r − h)2(r + h) = 4r3
n

m+ n

x = 2r − h a = 3r bc2

x2(a− x) = bc2



x2 =
c2

a
y

(a− x)y = ab

x2(a− x) x = 2
3
a

4
27

a3 bc2 ≤ 4
27

a3

190

1

263

r C S

2



C r K

S = K S > K

In In S

S − In < S −K,

In > K

In d < r In C

In < K S < K

S = K

2 11 : 14

π = 22
7

3

3 3 1
7

3 10
71



265

153
<
√
3 <

1351

780
√
3

265/153

153
√
3 1351/780

780
√
3

a±
b

2a± 1
<

√

a2 ± b < a±
b

2a
(a > b a > 1)

5

3
= 2−

1

3
<
√
3 =

√

22 − 1 < 2−
1

4
=

7

4

5 < 3
√
3 =

√
27 5

√
27

5 +
2

11
< 3
√
3 <

√

52 + 2 < 5 +
1

5

15
√
3 = 5

√
27 =

√
675 < 26

26
√
675

1325

51
< 15

√
3 =

√

262 − 1 <
1351

52

265

153
<
√
3 <

1351

780

10 51 1660 1734 π 112
1774 1825 1839 1920 1843

1904 1864 1954
83



O OA

∠AOB = 30◦ A AB

OB B

OB

AB
= 2

OA

AB
=
√
3 >

265

153

OB +OA

AB
>

571

153
∠AOB OC

OB

OA
=

CB

AC

1
OA+OB

OA
=

AB

AC

OA+OB

AB
=

OA

AC
>

571

153

AC

OA
<

153

571

96

3
10

71
<

6336

2017
1

4

<
96

<

< <
14688

4673
1

2

< 3
1

7

√

3



3 10
71

= 223
71

71 π

π 245
78

267
85

289
92

311
99

333
106

· · ·

71

32

1

2(a+2a+3a+ · · ·+na) > n2a > 2[a+2a+3a+ · · ·+(n−1)a]

n(n+ 1)a (n− 1)na

1986 6



2

(n+ 1)(na)2 + a(a+ 2a+ 3a+ · · ·+ na)

= 3[a2 + (2a)2 + (3a)2 + · · ·+ (na)2]

a2+(2a)2+(3a)2+ · · ·+(na)2 = 1
6
n(n+1)(2n+1)a2 = Sna

2

3Sn−1a
2 < n3a2 < 3Sna

2

21

3/2

AOB y = x2 OC

OC ACB

V OC O C1 C2 · · · Cn−1 Cn(= C)

n OC n

E1F1H2G2 A1B1F2E2 C1 C2

A0B0F1E1 E1F1H2G2



OC = h d = h/n

x1 x2 · · · xn y1 = x2
1

y2 = x2
2

· · · yn =

x2n c1 c2 · · · cn

Sn In Sn = d(πx2
1
+ πx2

2
+ · · ·+

πx2n) = πd(y1+y2+ · · ·+yn) = πd(d+2d+ · · ·+nd) > πd · n
2

2
d =

π
2
h2 = V ∗ > πd[d+2d+ · · ·+(n−1)d] = In

V = V ∗ V > V ∗

πnd2 = πh2/n

n

Sn − In < v − V ∗

Sn > V In < V ∗ V < V ∗

V = V ∗ = πh2/2 = πa2h/2 a = xn

CB πa2h/3 V 3/2

28

11

12+22+32+ · · ·+n2 > n3

3
> 12+22+32+ · · ·+(n− 1)2

OA O



r = aθ

A OA = 2πa OA

21 24

S 1/3

S =
1

3
π(2πa)2 =

4

3
π3a2

2π n ∆θ = 2π
n

3

ON2P3 OM2N3

Cn In Cn > S > In

r2∆θ/2

3 ∆C3 = 1
2 ON3∆θ ON3 = a · 3∆θ = a · 3 ·

2π
n ∆C3 =

1
2 (a · 3 ·

2π
n )2 ·

2π
n = 4a2π3

n3
· 32



Cn =
4a2π3

n3
(12 + 22 + · · ·+ n2) >

4a2π3

n3
·
n3

3
= S∗

>
4a2π3

n3
[12 + 22 + · · ·+ (n− 1)2] = In

Cn In
4a2π3

n3
·n2 = 4a2π3

n
n Cn−

In

S = S∗ S >

S∗

Cn − In < S − S∗

> S In < S∗

S < S∗

S =
4

3
a2π3 =

1

3
π(2πa)2

13 20

7

1

10 557 13 58 63 14 55 74



2

3

6 7

2

216

Am
· An = Am+n

1 3× 106

606 3
4

185



5.55× 105 40000

2

3 30 400

< 1010

10000

M µ
β
M 20000 β

2 M 10000

1 1

1 108 2

108 (108)2 2 (108)2

(108)3 3 1

(108)10
8

P (108)10
8

1 P

1
1 1 108

2 108 (108)2

108 (108)10
8
−1 (108)10

8

P

2



1 P P · 108

2 P · 108 P · (108)2

108 P · (108)10
8
−1 P · (108)10

8

= P 2

108

1 P 10
8
−1 P 10

8
−1
· 108

2 P 10
8
−1
· 108 P 10

8
−1
· (108)2

108 P 10
8
−1
· (108)10

8
−1 P 10

8
−1
· (108)10

8

= P 10
8

P 10
8

= [(108)10
8

]10
8

= 108·10
16

8

+1

1051

1063

130

10125

4/3

310 230

1977
1980 221



24

y2 = 2x

P1(x1, y1)

P2(x2, y2) y1 > y2

P1P2 M MV

OX V V

P1V P2

V P1P2 △P1V P2

1 18

S

△P1V P2 4/3

P1 V P2

P1

(

y2
1

2
, y1

)

V

(

(y1 + y2)
2

8
,
y1 + y2

2

)

P2

(

y2
2

2
, y2

)

,

△P1V P2 = (y1 − y2)
3/16

V P1 M1 M1Q1 OX Q1 P2V

M2 M2Q2 Q2 V (y1+ y2)/2

∆P1Q1V =
1

16

(

y1 −
y1 + y2

2

)3

=
1

16
·
1

8
(y1 − y2)

3



△P2V Q2 = △P1Q1V = △P1V P2/4

△P1V P2 △1 △P1Q1V △P2V Q2

△2 △2 = △1/4

P1Q1 Q1V V Q2 Q2P2 4

△3

△3 =
1

4
△2 =

1

42
△1

n

△n = △1/4
n−1

In = △1 +
1

4
△1 +

1

42
△1 + · · ·+

1

4n−1
△1

= △1

(

1 +
1

4
+

1

42
+ · · ·+

1

4n−1

)

= △1 ·

1−
1

4n

1−
1

4

= △1

(

4

3
−

1

3
·

1

4n−1

)

=
4

3
△1 −

1

3

1

4n−1
△1

=
4

3
△1 −

1

3
△n

In <
4

3
△1

4

3
△1 − In =

1

3
△n

In S − In

△n



S = 4△1/3

1 S > 4△1/3

S − In < S −
4

3
△1

In >
4

3
△1

2 S < 4△1/3

1

3
△n =

4

3
△1 − In <

4

3
△1 − S,

In > S

In In < S

S = 4△1/3

4/3

1906

7



15

C CP AB

P AGCBPA CP

CP

HE AB

F H A F E B E △ABD

A DB I AE HC

G · · ·

8 AB ⊙O

AB C BC CO

E D
⌢
AE= 3

⌢
BD

OA OB ∠AOE = 3∠BOD ∠AOE

∠OAC + ∠OCA = ∠OBA + ∠OCA = ∠BOC + 2∠OCA =

3∠BOD



∠AOE

ABC

B B C

A B

C

EDC ABC

∠C

7 203

3 399



W w

X x · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Y y · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Z z · · · · · · · · · · · · · · · · · · · · · · · · · · ·

W =

(

1

2
+

1

3

)

X + Y

X =

(

1

4
+

1

5

)

Z + Y

Z =

(

1

6
+

1

7

)

W + Y

w =

(

1

3
+

1

4

)

(X + x)

x =

(

1

4
+

1

5

)

(Z + z)

z =

(

1

5
+

1

6

)

(Y + y)

y =

(

1

6
+

1

7

)

(W + w)

W +X =

Y + Z =

m(m+1)/2 m

W +X = n2



W +X = mn

1880

5916837175686

t2 − 4729494u2 = 1

7.766× 10206544

12 80 92 6

8 12 26 26

18 8

973

1050

△ =
√

s (s− a) (s− b) (s− c)

s a b c

62

mn kn2 k



826

901

166

ε δ



[1] 2
2 3 1910 1915

[2]
1912

[3] 1956

[4]
2 2 1960

[5] 1937

[6] 1923

[7]
1957

[8]
1954

[9]
1931

[10]
1921

[11]
1968

[12]
1987

[13]
1949

1977

[14]
1979
1987



262

190



262

190

246 221

269 197 241 197

5 126 6 227 4 595

133 1878

320



480

300 200

14 157



6 280 335

7 203

uncial

· ·

883 884 5 7

826 901

· ·
1201 1274 1 7

1248

1301 1626 5 7

1 4 1537

1509 1575 1566

5



7

1608 1679 1661

983 1656

1743 1 7 1 4

1710

1 4

1854 1928

2 1891 1893

5

1923 1963

1861 1940

1896 1961

1939

1952 11 1 3

1

2

3

4

5



6

2

a 2a

x y a : x = x : y = y : 2a

x2 = ay y2 = 2ax xy = 2a2 x3 = 2a3 a

x

350

8 226

412 485 6 253



340

7 8

10 245

9 153 179

5



V V

V

V

V O V O

60 13

ABC

GF GF EDL

BC ⊥ GF GF GF

G BC A △ABC

E D E D G

EDC

L ML//GF ED M



M PR//BC PR ML

P L R

PR ML ⊥ PR EM = x

ML = y

y2 = PM ·MR (1)

AK//EG BC K

△EPM ∼ △ABK

PM

EM
=

BK

AK
(2)

△DRM ∼ △ACK

MR

MD
=

CK

AK
(3)

2 3

PM ·MR

EM ·MD
=

BK · CK

AK2
(4)

ED ED = 2a

ML//GF GF ⊥ BC BC//PR



MD = 2a− x

4
p
2a

1 4

y2 =
p

2a
· x(2a− x) (5)

E EH ⊥ EG EH = p HD MN

EH HD X XO ⊥ EH △EHD

EO

EH
=

MX

EH
=

MD

ED
=

2a− x

2a

EO =
p

2a
(2a− x)

5

y2 = EO · x

EO EM ML

EM

EH

EH

EH

44 27 29

EM EH ML

EOXM EO < EH

ελλειΨις



EO > EH ν̀περβoλή
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√
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⊙
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√
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∆amu =
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√
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(1 + q2)(1 + q4)(1 + q6) · · ·

(1 + q)(1 + q3)(1 + q5) · · ·
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Θ(u) = Θ(0) ·

(
∫ u

0

Z(u)du

)

H(u) amu = 1√
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√
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√
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√
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∫
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1834

1 1824 1832

L = T − V (1)

S =

∫
t1

to

Ldt (2)

T V V
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dqi
dt

) t

V S

S

S
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=
∂L

∂qi
(i = 1 2 · · · n) (3)

2 3
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pi =
∂L

∂q̇i

H = −L+
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piq̇i (4)

H pi qi t H 3

q̇i =
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∂pi
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∂qi
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H

pi qi
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= L = T − V (6)
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∂qi
(7)
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(
∂W

∂qi
, qi, t

)

= 0 (8)
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2 8
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0

8 8 W

n qi n αi t

W = W (qi, αi, t) (9)

pi =
∂W

∂qi
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∂W

∂αi

(i = 1 2 · · · n) (10)

pi = pi(αi, βi, t) qi = qi(αi, βi, t) (11)
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√
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i
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1843
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a b c d a

i j k

b c d
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∂V
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∂V
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∂V

∂z
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∑
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∫
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1 λ +∞ {λn}
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∫
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∫
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F (x) =

1

(−1)µΓ(µ)

∫
∞

0

F (x− α)αµ−1dα



F (x) =
∫
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∫
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p
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[16]
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1890 1839 1839

1839



f(x) (a, b) a b f(x)

f(x) f1(x) f2(x) · · · fm−1(x) C = fm(x)

f1(x) f(x) f ′(x) f1(x) f(x)

f2(x) f2(x) f1(x)

f3(x)

fm(x) = C x = a x = b

f(a) f1(a) f2(a) · · · fm−1(a) C (1)

f(b) f1(b) f2(b) · · · fm−1(b) C (2)

1 A 2 B A − B

f(x) = 0 (a, b)

f(x) ϕ(x) f(x) f ′(x) ϕ(x)

1865

1865 6 28

498 513

f(x) = 0

f(x) = a0x
n+na1x

n−1+
1

2
n(n−1)a2x

n−2+ · · ·+nan−1x+an

a0 a1 · · · an f(x) A0 = a2
0



A1 = a2
1
− a0a2 A2 = a2

2
− a1a3 · · · An−1 = a2

n−1
− an−2an

An = a2
n

A0 A1 A2 · · · An f(x)

ar ar+1 Ar Ar+1

ar

Ar

}
arar+1

ArAr+1

}

pP vV pV vP

p v

P V

∑
pP

∑
vP

∑
pP +

∑
vP

n−(
∑

pP+
∑

vP )

f(x) f(x + λ)
∑

pP (λ)

pP (λ) λ pP (u)

µ pP (0)
∑

pP

µ > λ

pP (u)− pP (λ) = (u, λ) + 2k (µ, λ) λ µ

k

x1 x2 · · · xn a0x
n+a1x

n−1+ · · ·+

an−1x+ an = 0

D = a2n−2
0

∏

1≤i<j≤n

(xi − xj)
2



1840

D = (−1)
n(n−1)

2 · 1
a0
·

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a0 a1 a2 · · · an−1 an 0 · · · 0
0 a0 a1 a2 · · · an−1 an · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · · · · · · · · an

na0 (n− 1)a1 · · · · · · an−1 0 0 · · · 0
0 na0 (n− 1)a1 · · · · · · an−1 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · · · · · · · · an−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a0x
2 + a1x+ a2 = 0

D = (−1)
2(2−1)

2 ·
1
a0

∣
∣
∣
∣
∣
∣
∣

a0 a1 a2

2a0 a1 0

0 2a0 a1

∣
∣
∣
∣
∣
∣
∣
= a2

1
− 4a0a2

n

m x

f(x) = a0x
n + a1x

n−1 + · · ·+ an = 0 (a0 6= 0)

ϕ(x) = b0x
m + b1x

m−1 + · · ·+ bm = 0 (b0 6= 0)

x m+ n

E =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a0 a1 · · · · · · an 0 · · · 0

0 a0 a1 · · · an−1 an · · · 0

· · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · · · · · an

b0 b1 · · · · · · bm 0 · · · 0

· · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · · · · · bm

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣



n x1 x2 · · · xn

m f(x1, x2, · · · , xn)

f(x1, x2, · · · , xn) = a11x
2

1
+ 2a12x1x2 + · · ·+ 2a1nx1xn

+a22x
2

2
+ 2a23x2x3 + · · ·+ 2a2nx2xn

+ · · ·+ annx
2

n

T

f(x1, x2, · · · , xn) F (y1, y2, · · · , yn) f

a0 a1 · · · as F a′
0

a′
1

· · · a′
s

I

I(a′
0
, a′

1
, · · · , a′

s
) = rωI(a0, a1, · · · , as)

I f ω = 0 f

x y

f = ax2 + 2bxy + cy2

T

F = a′x′2 + 2b′x′y′ + c′y′2

D =

∣
∣
∣
∣
∣
a b

b c

∣
∣
∣
∣
∣
= ac− b2



D = ac− b2 = a′c′ − b′
2
= D′

D = ac − b2 f

P

f = a0x
P + a1x

P−1y + · · ·+ aPy
P

I

ΩI = 0 OI = 0

Ω O

Ω ≡ a0
∂

∂a1
+ 2a1

∂

∂a2
+ · · ·+ PaP−1

∂

∂aP

O ≡ Pa1
∂

∂a0
+ (P − 1)a2

∂

∂a1
+ · · ·+ aP

∂

∂aP−1

r

y2
1
+ y2

2
+ · · ·+ y2

P
− y2

P+1
− · · · − y2

r

P

2n− 1 n 2n− 1



2n

2n− 1

n∑

i=1

∑
n

j=1
aijxixj n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1k

a21 a22 · · · a2k

· · · · · · · · · · · ·

ak1 ak2 · · · akk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

k = 1 2 · · · n

1851

A+ λB

A = ax2 + by2 + cz2 + 2dyz + 2ezx+ 2fxy

B = a′x2 + b′y2 + c′y2 + c′z2 + 2d′yz + 2e′zx+ 2f ′xy



|A+ λB| =

∣
∣
∣
∣
∣
∣
∣

a+ λa′ f + λf ′ e+ λe′

f + λf ′ b+ λb′ d+ λd′

e+ λe′ d+ λd′ c+ λc′

∣
∣
∣
∣
∣
∣
∣

A + λB λ

|A + λB|

λ + ε A B

i (λ + ε)α (i + h)

(λ + ε)(h+1)α i i Di(λ)

|A + λB| A

i Di(λ) Di−1(λ) |A + λB|

1878

λ

A B P n A

r1 B r2 AB R R ≤ r1 R ≤ r2

R ≥ r1 + r2 − n
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9(5 + 3 + 1)

(3 + 2 + 2 + 1 + 1)

θ

1876



1870

[1]
1904 1912

[2] 1876

[3]
8 1973 216 222

[4]
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[5]
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1815 10 31

1897 2 19



1815 10 31

1897 2 19

1829

820

1834

1834 8



1830

λ(x)

1837

1838

1839 5 22

1839 1840

1840 2 29



· · · · · ·

1841 4 1841 1842

1840 1842

1842

1845

1 1

1848

1848 49 1



1

1853

1854

1855

1856 6 14

11 19

1864

1873



1873

1869

1870

1874

1888

1897

2 19

1856 1868 1881

1894 1895 1 2

1902 4 1903

3 5 6

1915 1927



7 8 10

1923

ǫ δ

1857

15

1 n · en = 1 en a

b b a



1869 1871 1872 1872

ǫ δ

1861 1874

1886

15 ǫ δ

f(x) δ

δ h f(x + h) − f(x)

ǫ

f(x+ h) = f(x) + h · f ′(x) + h(h)

∞∑

n=1

un(x) [a, b]

ǫ n

|rn(x)| =

∣
∣
∣
∣
∣

∞∑

k=n

uk(x)

∣
∣
∣
∣
∣
< ǫ (a ≤ x ≤ b)

M

|un(x)| ≤ cn (a ≤ x ≤ b)
∞∑

n=1

cn
∞∑

n=1

un(x)



[a, b]

R Rn

1886

1869

· · · · · ·

D D

D

D[u] =

∫ ∫

D

((
∂u

∂x

)2

+

(
∂u

∂y

)2
)

dxdy

u0(x, y) u0 D

1870

D[u]



u0 D[u0]

1872

1 2 71 74

f(x) =
∞∑

n=0

bn (πanx)

a 0 < b < 1 ab > 1 + 3π
2

1874

2π

1 3 1 37

ǫ δ

1895

· · · · · · · · · · · ·

· · · · · ·



D f D

f D

f a

f(z) = (z − a)ng(z)

g a g(a) 6= 0

a r(> 0) f

|z − a| < r b f b

r(b) ≥ r − |b − a| r(b) > r − |b − a|

r(b) = r − |b − a|

f

ρ = {r(b) |b− a| < r} = 0
∞∑

n=0

bnza
n

(0 < b < 1 a 2

ab ≥ 10

f
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1885

S a

(a, S) (a, S)

(b, T ) S T S T

(a0, S0) (a1, S1)

· · · (an, Sn)

(a0, S0) (an, Sn)

{an}
∞

n=1
(
n→∞

an =∞) {qn}
∞

n=1

gn(z) =
n∏

k=1

(

1−
z

ak

) (
z

ak
+ · · ·+

1

qk

(
z

ak

)
k

)

|z| ≤ R

f(z) =
∞∏

n=1

(

1−
z

an

) (
z

an
+ · · ·+

1

qn

(
z

an

)
n
)

{an}
∞

n=1
{an}

∞

n=1

f

f(z) = eg(z)
∞∏

n=1

(

1−
z

an

) (
z

an
+ · · ·+

1

qn

(
z

an

)
n
)
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1874 12 16

a f(z) c ∞

zn → a f(zn)→ c 1864

1868

1879

∞∑

k1,··· ,kn=0

ck1···kn(z1 − z0
1
)k1 · · · (zn − z0

n
)kn

n

gµ(z1, · · · , zn) = 0 (µ = 1, · · · , m < n)

zν = hν(zm+1, · · · , zn) (ν = 1, · · · , m)

1860

1879 F (z1, · · · , zn)

F (0, 0, · · · , 0) = 0 F (0, · · · , 0, zn) 6≡

0 F

F (z1, · · · , zn) = (zk
n
+ a1(z1, · · · , zn−1)z

k−1

n
+ · · ·

+ak(z1, · · · , zn−1))g(z1, · · · , zn)

k 1 aν(z1, · · · , zn−1) (ν = 1 · · · k)

g



1899

1 24 235

· · · · · ·



2 (u)k (k = 1 2 3)

(u)

u u u

P 1 5

23 31
(
dP(u)

du

)2

= 4(P(u))3 − g2P(u)− g3

u = 0 P(u)

P(u) = 1
u2

+
∑

w 6=0

(
1

(u− w)2
− 1
w2

)

g2 = 60
∑

w 6=0

1
w2

g3 = 140
∑

w 6=0

1
w6



1856

1 1 297 355

n∑

j=1

∫
xj

a2j−1

Fk(x)√
R(x)

dx = uk (k = 1 2 · · · n)

x1 · · · xn (u1, · · · , un) ∈
n

R(x) =
2n∏

j=1

(x− aj)

Fk(x) = 1

2

∏
n

j=1

j 6=k

(x− a2j−1) j = 1 · · · n

j j = j/

(j = 0 1 · · · 2n)

j

1869

1 4

(ϕ, ψ)

x = ϕ(t) y = ψ(t)

F (x, y)dx

(ϕ, ψ)

F (x, y)

2p p+ 1 p



1900

1 7

I =

∫
t1

t0

F (x, y, x′, y′)dt x′ =
dx

dt
y′ =

dy

dt

F 11

(t0, t1)

∂F
∂x′

∂F
∂y′

16

C 1

x y t

G =
∂2F

∂y∂x′
−

∂2F

∂x∂y′
− F1

(

x′
dy′

dt
− y′

dx′

dt

)

= 0

F1

∂2F

∂x′2
= F1y

′2
∂2F

∂x′∂y′
= −F1x

′y′
∂2F

∂y′2
= F1x

′2

2 C F1 C

3

C I

1 2 3 F1 [t0, t1]

F1 C

18



E(x, y p, q p, q) = F (x, y, p, q)− ∂F
∂x′

(x, y, p, q)p

− ∂F
∂y′

(x, y, p, q)q

p q p q

4 C I x y p q C

q q E 22

E

t0 t1 C I

G = 0 C0 C 23

1 1 233 246

1 2 19 44

1861

1884 1 2 311 332

1870

1885



1850

1860 3

1861

1856

1890 68 1 4

8



1861 5

1869

107 250

100



[1]
1 7 1894 1927

[2]
1 1 1 49

[3]

1 1 51 66

[4] 1 1 67 74

[5]

1 1 75 84

[6] 1 1
133 152

[7] 1
2 49 54

[8]
1 2 77 124

[9]
1 2 135

188

[10] 1 2 201 223



[11]
11 1985 3 125 136

[12]
1815 1965

1966

[13]
233 1966 191

220

[14]
13 14 1976 219 224

[15]
10 1973 41 176

[16]
2 1921 1923 232 240

[17]
19 1923

[18]
14 1975 297

383

[19]
35 1912 29 65

[20] 40
39 1923 1 57

[21]
39 1923 133 198



1815 11 2

1864 12 8



1815 11 2

1864 12 8

1831

1835

1835

1835

1839



1844

1849

1857

1855

1864 12 8
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1847

1854

x y z · · ·

X Y Z · · · 1

0 xy

x y

x+y x y

x x′ 1 − x x − y



y x x y

xy = x =

A B B

x(1− x) = 0

xy = yx

xx = x

x+ y = y + x

x(u+ v) = xu+ xv

x+ (1− x) = 1

x x X Y

x(1−y) = 0 Z X z(1−x) = 0

x z(1 − y) = 0

Z Y

X

Y xy = 0 X Y xy 6= 0 X Y

x(1− y) 6= 0

1 · x = x 0 · x = 0



1 x y B x+y xy x′ B

2 0 x

x+ 0 = x 1 x x · 1 = x

3 x+ y = y + x x · y = y · x

4 x+(y · z) = (x+ y)(x+ z) x(y+ z) = (x · y)+ (x · z)

5 x x′ x + x′ = 1

xx′ = 0

6 B

B, +, ·, −, 0, 1

1 0

1

0

X Y Z

1 0 XY X

Y X Y X + Y X

Y 1 − Y Y X

X = 1 X X = 0 X Y

X(1− Y ) = 0 X Y XY = 1



X Y Z 0 1

X Y Z 0 1

1 L X

L a ∈ L O(a) = (m| m ∈ X a /∈ m)

{O(a)| a ∈ L} X X

T1 O(a) X

2 Bn

2
= {0, 1}n B2 = {0, 1}

f n α1 · · · αn ∈ {0, 1}

A = (α1, · · · , αn) = α1 · · ·αn 0 1 x1 · · ·

xn ∈ B B X = (x1, · · · , xn) = x1 · · · xn

x1 = x x0 = x′ XA = xa1
1
· · · xan

n

f(X) =
∑

Af(A)XA f(A) ≡ 1 f(x)

3 f1(X) f2(X) f1(X) =

0 f2(X) = 1 0 1

4 f(x1, · · · , xn)

f xi

df
dxi

= f(x1, · · · , xi−1, xi, xi+1, · · · , xn)

⊕
f(x1, · · · , xi−1, x

′

i
, xi+1, · · · , xn)



1835

1847

1859

1860

[1] 1916

[2] 1978

[3] 1982

[4] 1987

[5] 1984

[6] 1990

[7] 1988

[8] 1982



[9] 1964

[10] 1963

[11]
1964

[12]
40 1936 37 111



1821 5 16

1894 12 8



1821 5 16

1894 12 8

1832

1837



1865 9

30

1841

1843

1844

1845

1845

1846

1847

1847



1849 5 27

1849

1850

1860 1872

1882

1853

1856 1859

1860

1871 1873

1877 1880

1893



1845

(1 + x)

1846



1866

1866

1887

1887

1882

ξ a σ |ξ − a|2

k |ξ − a| ≥ kσ

1
k2

n−
1

2 n



53 64

1849

1849

ξ

π(x)

x

x π(x)



400000 3000000

π(x) ≈
x

x− A
(A = 1.08366)

π(x)
∫ x

2

dx
x x→∞

π(x)
x/ x

=

1

ξ

π(x)
x/ x

x→∞

π(x)
x/ x

= 1

1849

1879 1901

1888

1895

1849

ζ A 1.08366

1 x



x > 1247689 x
x− 1.08366

∫ x

2

dx
x

1850

0.92129 · · · <
π(x)
x/ x

< 1.10555 · · ·

Θ(x) =
∑

p≤x

p Φ(x) =
∑

n≤x

Λ(n)

7
2

x x 2x − 2

1852

1854

f(x) g(x)

a1 a2 · · · an

x
|f(x) − g(x, a1, a2, · · · , an)|

ai



g(x) g(x)

Tn(x) = (n · x)

(−1, 1)

1

2n−1
Tn(x) =

1

2n−1
(n · x) = xn −

n

1!
·
xn−2

22

+
n(n− 3)

2!
·
xn−4

24
−

n(n− 4)(n− 5)

3!

xn−6

26
+ · · ·

21−n

1859

g(x, a1, a2, · · · , an) g

Tn(x)

1874

(A, B) f(x)

∫ B

A

f(x)dx = c0

∫ B

A

xf(x)dx = C1 · · ·



∫ B

A

xmf(x)dx = Cm

∫ b

a
f(x)(A < a < b < B)

1874



1878

1893

1856

1867

1856

1878

1894 11

1894 12 8

9



[1] 2
1945

[2] 5
1944 1951

[3]
1964

[4]
13 1960 11
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[5]
3 222 232
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6 1984 6 62

74



1821 8 16

1895 1 26



1821 8 16

1895 1 26

1829

1840 1842

1842 10



1848

1846 1850

1851

1851

· · · · · ·

1852
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1881 1882

1855

1876 1878

1883

1859

1881

1876
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600
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1843 n

n

1845

n

1846

1854

1878

f = ax4
1
+ 4bx3

1
x2 + 6cx2

1
x2
2
+ 4dx1x

3

2
+ ex4

2



f

H =

∣
∣
∣
∣
∣
∣
∣
∣

∂2f

∂x2
1

∂2f

∂x1∂x2

∂2f

∂x1∂x2

∂2f

∂x2
2

∣
∣
∣
∣
∣
∣
∣
∣

f H

J =

∣
∣
∣
∣
∣
∣
∣
∣

∂f

∂x1

∂f

∂x2
∂H

∂x1

∂H

∂x2

∣
∣
∣
∣
∣
∣
∣
∣

f

g2 = ae− 4bd+ 3c2

g3 =

∣
∣
∣
∣
∣
∣
∣
∣

a b c

b c d

c d e

∣
∣
∣
∣
∣
∣
∣
∣

f

1885



1907

x′ = ax+ by

y′ = cx+ dy

(
a b

c d

)

1858

n× n m× n

m mA

A m



n × n

M I M

|M − xI| = 0

|M − xI| M − xI

xn − A0x
n−1 + · · ·+ (−1)n|M | = 0

1858

M x

1841∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·

an1 an2 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1843

1847

1 e1 e2

· · · e7



e2i = −1 eiej = −ejei i j = 1 2 · · · 7

i 6= j

e1e2 = e3 e1e4 = e5 e1e6 = e7

e2e5 = e7 e2e4 = −e6

e3e4 = e7 e3e5 = e6

14

e2e3 = e1 e3e1 = e2

1858

f

f f

F (x, x) =
3∑

i,j=1

aijxixj aij = aji i j = 1 2 3



F (x, y) =
3∑

i,j=1

aijxixj

F (x, x) = 0

G(u, u) =
3∑

i,j=1

Aijuiuj = 0

Aij F aij

x = (x1, x2, x3) y = (y1, y2, y3)

δ =
F (x, y)

[F (x, x)F (y, y)]1/2

u = (u1, u2, u3) v = (v1, v2, v3)

φ

φ =
G(u, v)

[G(u, u)G(v, v)]1/2

(1, i, 0) (1, −i, 0)
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n

1844

n
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n

1845

n

n

n

n

n
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θ

1870
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1860

n

1843
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1849

1869 1871

1849

1854 1859

θ x y z · · ·

θ x y z · · · x′ y′

z′ · · · θ

θ φ · · · θφ

θφ

φθ

1 α β · · ·



θn = 1 1854 1858

1878

1878

1872

1886

1879
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n

1885
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· · · · · ·

[1] 13
14 1889 1898



[2]
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[3]
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1822 12 24
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1829
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1847
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1848
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1856 48 40

1862

1867

1876

1897

1892

1856
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1

1847 1851

x1 x2 · · · xn

n = 2

a11x1x1 + a12 x1x2 + a21x2x1 + a22x2x2

n

H(x) =
n∑

i, k=1

aikxixk aik = aki

aki xi aki xi

R Z

R Z



f

f f(x) x

n cn n f

f ≤ cndf
1/n cn = ( 4

3
)(n−1)/2 cn

1936

n ≤ 8 cn rn r1 = 1 r2
2
= 4

3
r3
3
= 2

n > 8 rn

2

1826

x5 + px+ q = 0 (1)

n xn−1 xn−2

xn−3

1 1858

n



3

1893

[0, +∞) w(x) = e−x
2

{Hn(x)}
∞

n=0

Hn(x) = ex
2 dn

dxn
e−x

2

1

H̃n(x) =

(

−
1

2

)
n

Hn(x)

Ĥn(x) =
(−1)n

√√
n2nn!

Hn(x)

H̃n+2(x) = xH̃n+1(x)−
n+ 1

2
H̃n(x)

y′′ − 2xy′ + 2xy = 0

4 e

1873



∞∑

n=1

g−n!

n = 2 3 · · ·

1744

e 1761 π

1873 e

1882

π

1900

α 0 1 β

αβ 1934

α

α

α1 α2 β1 β2 α1 α2 Q

β1 α1 + β2 α2 6= 0
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α
β1

1
· · ·αβn

n
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[1] 1 4
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[2]
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[3]
1875 1888

3 24 1916 193 220 289 310

[4] 1822 1901
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[5] 55 1902
337 385
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448 465
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1861 1 23



1866

1868
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1880

1863 1866

1868 1884
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1845

n

ζn = e2πi/n



xn + yn = zn

xn = (z − y)(z − ζny) · · · (z − ζn−1
n
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1859
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1853
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2 1934
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[8]
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w = f(z) = u+ iv

u v

∂u

∂x
=

∂v

∂y

∂u

∂y
= −

∂v

∂x



w dw
dz

∆w
∆z

z +∆z z

2

f(z, w) = 0 z

n w z n

w

z = ∞ n z

w z

f(z, w) = 0 z

f(z, w) = 0 n

w z

z

w

3



N

N N − 1

r1 · · · rr ri wi

q

N =
∑

i

wi − 2q + 3

4

1 u(x, y) Q

δu =
∂2u

∂x2
+

∂2u

∂y2
= 0

u f(z)

2 1851

5



∫ ∫ (
∂u

∂x

)2

+

(
∂u

∂y

)2

dxdy

u

∫
R(W, Z)dZ

R(W, Z) W Z W Z

f(W, Z) = 0



1

f(Z, W ) = 0

p

N = 2p+ 1 p

F (S, Z) = 0 F

S n Z m Q(S, Z) = 0

Q S n − 2 Z m − 2

∫
Q(S, Z)dZ/

(
∂F

∂S

)

2

µ

µ− p + 1 m

L

L ≥ µ− p+ 1

1954



3

p X ω1 · · ·

ωp X 2p r1 · · · r2p

2j p

πi =

(∫

rj

ω1, · · · ,

∫

rj

ωp

)

∈ Cp j = 1 · · · 2p

Cp Λ Cg/Λ

X (ω1, · · · , ωp) (r1, · · · , r2p)

2p× p

Π =

(
Π1

Π2g

) (
I

B

)

I p × p B

Π B

1902

4

θ θ

p z1 · · · zp

θ(z) = θ(z1, · · · , zp; B)

=
∑

n1,··· ,np∈z

{

πi
p∑

α,β=1

bαβnαnβ + 2πi
p∑

α=1
nαzα

}

B = (bαβ) α β = 1 · · · p θ(z)

θ(z) J(x) Θ θ



θ

A : X → J(X)

x ∈ X
(∫

x

x0

ω1, · · · ,
∫
x

x0

ωp

)
x0 ∈ X

1 (x1, · · · , xk)

(y1, · · · , yk) xi 6= yj i j = 1 · · · k X

(x1, · · · , xk) (y1, · · · , yn)

k∑

j=1

A(xj) =
k∑

j=1

A(yj)

2 e ∈ J(x) W ′ 6⊂ +e

X1 · · · Xp X θ(A(x)− e)

p∑

j=1

A(xj) = e−K

K e (x1, · · · , xp)

1856

1902

p = 3

(J(X), Θ) X θ θ

θ 0 θ

p

5

F (s, z) = 0 F1(s1, z1) = 0



(s, z) (s1, z1) F F1 F1

F

p

v p > 1

3p− 3

F (s, z) = 0

1857

1769

x(1− x)
d2y

dx2
+ [γ − (α + β + 1)x]

dy

dx
− αβy = 0

y = 1 +
α · β

γ · 1
x+

α(α + 1)β(β + 1)

r(r + 1)2!
x2

+
α(α + 1)(α + 2)β(β + 1)(β + 2)

γ(γ + 1)(γ + 2)3!
+ · · ·

1812 y F (α, β, γ; x)
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α, β, γ, x
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1 a b c P x

2 P P ′ P ′′ P ′′′

C ′P ′ + C ′′P ′′ + C ′′′P ′′′ = 0

C ′ C ′′ C ′′′ 3 P CαP
(α)+Cα

′P (α′)

P (α)(x−Q)−α P (α′)(x−Q)−α
′

x = a 6= 0 6= ∞ P

CβP
(β) + Cβ′P (β′)

CγP
(γ) + Cγ

′P (γ′)

x = b x = c α β γ

α′ β′ γ′ ©1 α− α′ β − β′ γ − γ′

©2 α + β + γ + α′ + β′ + γ′ = 1

1857 2 1876

0 1 α y1 y2

y1 y2



y′1 = C11y1 + C12y2

y′2 = C21y1 + C22y2

m n

n n

21

1992

1859

x π(x)

π(x) ∼
x

x

π(x) π(x) ζ(s)

s = σ + it ζ

ζ

ζ(s) =
∑

n−s =
∏

p

(
1

1− p−x

)

ζ 1 ζ(s) s

s = 1 2



ζ(s)

ζ(1− s) = 2(2π)−s
1

2
sπΓ(s)ζ(s)

3 ζ(s) s = −2 − 4 − 6 · · · s

[0, 1]

1 ζ(s)

0 ≤ σ ≤ 1

2 ζ(s) 0 ≤ σ ≤ 1 0 ≤ t ≤ T

N(T ) T →∞ N(T )

T

2π

T

2π
−

T

2π

3

ξ(s) =
s(s− 1)

2
Γ(

s

2
)π−s/2ζ(s)

ρ ξ(s)
∑

ρ

1
|ρ|

∑

ρ

1
|ρ|2

∑

ρ

4 ξ(s)

ξ(s) = ξ(0)
∏

ρ

(

1−
s

ρ

)

∑

ρ

(1− s
ρ
)

5 1
2



6 π(x) ζ(s)

Π(x) = (x)−
∑

ρ

(xρ) +

∫
∞

x

1

u2 − 1

du

u u
+

Π(x) = π(x) +
1

2
π(x1/2) +

1

3
π(x1/3) + · · ·

(x) =
ǫ→0

(∫ 1−ǫ

0 +
∫
x

1+ǫ

) du

a

ζ(s)

1859 ζ(s)

Re(s) > 1 Re(s) < 0

ζ(s)

ζ
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(−π, π)

1

2
a0 +

∞∑

n=1

(an nx+ bn nx)

an =
1

π

∫
π

−π

f(x) nxdx

bn =
1

π

∫
π

−π

f(x) nxdx

1829 f(x)

f(x)

1 2

3 f(x)

f(x)

f(x)

λ

S = M1∆X1 + · · ·+Mn∆Xn

S = m1∆X1 + · · ·+mn∆Xn

Mi mi ∆Xi f(x) Di =

Mi −mi f(x) ∆xi

∆xi→0
(D1∆x1 + · · ·+Dn∆xn) = 0



(T )
1

2
a1 +

∞∑

n=1

(an nx+ bn nx)

n → ∞ an bn → 0 (T )

F (x) =
1

4
a0x

2 + αx+ β −

∞∑

n=1

1

n2
(an nx+ bn nx)

α β

(∆2
h
F )(x) =

F (x+ 2h) + F (x− 2h)− 2F (x)

4h2

1 (T ) x

h→0
(∆2

h
F )(x)

x (T )

2

h→0

F (x+ 2h) + F (x− 2h)− 2F (x)

2h
= 0

3 (T ) I

F I

(T ) x ∈ [0, 2π]

0 (T ) 0 an = 0 (n ≥ 0) bn = 0 (n ≥ 1)



(x) x

x (x) = 0

−
1

2
< (x) <

1

2

f(x) =
(x)

1
+
(2x)

4
+
(3x)

9
+ · · ·

f(x) x F (x) =
∫
f(x)dx x

f(x)

1860

f(x) =
∞∑

n=1

n2x

n2

1970 π

f(x) =
∞∑

n=0

bn (anx)π

0 < b < 1 ab > 1 + 3π
2
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n

n
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1

ds2 =
n∑

i,j=1

gijdx
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|gij|



ds2 =
n∑

i=1

dx2
i

n(n+ 1)
2

n

n(n− 1)
2
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2

α

1

1 +
α

4
Σx2

√
Σdx2

0
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n(n− 1)
2

∑

i,j

gijdy
idyj

∑

i,j

aijdx
idxj aij

Pijk (ij, kl)

(ij, kl) ds2

1860

P ρ

∂2ω

∂r∂s
−m

(
∂ω

∂r
+

∂ω

∂s

)
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∂2v

∂r∂s
+

∂mv

∂r
+

∂mv
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v

ω v
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1870
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1871

2
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4 ζ ζ

1896
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1868 1870

x1, · · · , xn x′1, · · · , x′n



ds2 =
∑

i,j

gijdx
idxj

ds′2 =
∑

i,j

g′
ij
dx′idx′j

1 ≤ i j ≤ n

x′i = x′i(x1, · · · , xn) (1 ≤ i ≤ n)
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[1]
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[2]
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[3]
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[5]
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[6]
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[7]
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[8]
1926 1927

[9]
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[10]
9 1977 1978 27 37

[11]
14 1926 813 818

1265 1277

[12]
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[13]
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[14]
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[15]
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p
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√
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√
3
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N N N
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11 13 (α) (δ)
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√
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2

1871
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n−1 + · · ·+ an = 0
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A α β µα+ νβ
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A α1 · · · αn (α1, · · · , αn) n = 1
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ζ

ζk(s) =
∑ 1

(N(a))s
=

∏

β

1

(1− (N(β))−s

∑
k a

∏
β N

s = 1
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h k g k
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R−2
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×(u2 + v2 + a2)−2

R

iR a ia (i =
√
−1)
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×(a2 − u2 − v2)−2

−R2
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[3]
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[5]
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[6]
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[7]
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[8]
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[9]
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A
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L
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n
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n
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F
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E
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x(u, v) y(u, v) z(u, v)

∂2θ

∂u∂v
= A(u, v)

∂θ

∂u
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∂θ
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s

ω(s) T (s)
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=

dr(s)
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dT
ds

= ω × T dN
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= ω ×N dB
ds

= ω ×B
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/|dT
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|
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= cN
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|

s c a s

ω(s) = aT + cB = ρ−1T + r−1B

ω(s)
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a
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a
=

F(u) = (A+ Bi)u
−2+ai A B a

f(u) = u2

2

x = (3u − u3) y = (3iu + iu3)

z = (3u2) r = (3ξ + 3ξη2 − ξ3 η3 − 3η − 3ξ2η
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1
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3 ξ =

η =
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5

ξ + η = ξ − η =

6 7

8
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ρ1(ξ) ξ ρ2(η) η
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0 x = 0
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L
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p q

p q

p q
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1.1 p p ⊃ q q

1.2 (p ∨ p) ⊃ p

1.3 q ⊃ (p ∨ q)
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3

10.1 (x)Fx ⊃ Fy

10.11 Fy (∃x)Fx
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√
2 2

· · ·
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√
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σ
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i

|Ii|
⋃
i

Ii ⊃ E

}

E

m∗(E) +m∗([a, b]\E) = b− a

E E

[a, b]

f(x)(m ≤ f(x) ≤M) [m,M ] ∆

m = y0 < y1 < · · · < yn−1 < yn = M

Ei = {x ∈ [a, b] yi−1 ≤ f(x) ≤ yi} (i = 1 2 · · · n)
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yi ·m(Ei)

{yi − yi−1} → 0 s∆ S∆

f(x) [a, b]



∫ x

a

f ′(x)dx = f(x)− f(a) x ∈ [a, b] (1)
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f ′

f
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1
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y = f(x)(a ≤ x ≤ b)

L =
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a
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n = n1 + n2 + · · · + ns (n1 ≥ n2 ≥
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1748 p(n)
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∞∏
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4
√
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√
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√
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∞∑
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1
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1

2
√
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d
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1
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q

)

λn =

√
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1
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1
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e2πiαx
k
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1
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∫

1

0
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1 α = 0
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rs,k(n) =

∫
1

0

s(α)se−2πinαdα
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∞∑
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1
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2

23 8
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2
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Hp |z| < 1
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1

2π

∫
2π

0
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) 1

p
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1934

10

Hp

1949

1931

1821



1909
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∞∑
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∞∑
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[f(x)− g(x)]2dx

L2[a, b]
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p(x+ y) ≤ p(x) + p(y)

E x xn a an

p(−x) = p(x)
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p E E

x y
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E
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X Y Q

X f Ω→ Y Ω x0
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f f

{φi(x)} [a, b]
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∞∑
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f

ai =
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a

f(x)φi(x)dx (i = 1, 2, · · · ) (2)

f {φi}

f

ai (i = 1 2 3 · · · ) f φi

{φi} ⊂ L2

L2 l2 f ∈ L2 f {φi}
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{ai} ∈ l2 f ∈ L2
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1
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p
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∫
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k(x, t) · φ(t)dt

φ(t)

T (φ(t))

Lp
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L ξ i ≤ n Ln−i
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Ẋ = Ax− bξ

ξ̇ = ϕ(CX − ρξ)

1964

A =




λ1

λn


 λn < 0



ρ >

n∑
h=1

∣∣∣∣bhCh

λh

∣∣∣∣

[1] 1971

[2]
1924 1

[3] 1930

[4]
1942

[5] 1942

[6]
1946

[7]
1949

[8]
1953

[9]
1957

[10]
1961

[11]
1964

[12]
1957

[13]
79 1973 663 680

[14] 6 1974
198 217



1885 6

9 1977 9 6



1885 6

9 1977 9 6

1882

1892

1900

1902 12

10

1907 10

1910



1911 1

1914

1918

1920 1931

1926

1928

1950

1957



3

1975 6 9

1977 8

9 6

1916 1929

1938 1943

1957 11 1941 1943

1982

91 8

100 1966

1

1907



f(z)

m(r) =
|z|=r

|f(z)| M(r) =
|z|=r

|f(z)|

m(r) M(r) f k k

r→∞

M(r)

r

k = 0 m(r) > M(r)l−ε (r →∞)

1907

5

C(k) (≥ −2k)

m(r) > M(r)C(k)−ε

1925



|z| < 1 f(z) =

a0 + a1z + · · · a0 f(z) D

Mλ(ρ) =

(
1

2π

∫
2π

0

|f(ρeiθ)|λdθ

)1/λ

D

F (z) F (z)

f(z) a0 = 0 a1 = 1

Mλ(ρ) ≤
ρ

(1− ρ)2
|an| ≤

1

4
e2n2

M1(ρ) <
ρ

1− ρ
|an| < en

u(z) = u(x, y)

r

u(z0) ≤
1

2π

∫
2π

0

u(z0 + reiθ)dθ

1927

z0 r u

u(z) |z| < 1

r → 1 ∫
2π

0

|u(reiθ)|dθ = O(1)

u(θ) =
r→1

u(reiθ) θ

u(z) = |f(z)|



1931

1994 2

2

1911

1 1912

13

SN (θ) =∑
e2πin

2θ θ N→∞ SN (θ)/N = 0

θ

SN (θ)/N 0

|SN (θ)|/
√
N < ∞

C > 0 θ |SN (θ)|
√
N ≥

C

f 1 f ∈ α, α > 1
2

f

C > 0

N t ∣∣∣∣∣
n∑

n=1

nine2πint

∣∣∣∣∣ ≤ C
√
N



∞∑
n=1

nin−1e2πint

1
2

f(t)

θ φ

n→∞
n‖nθ‖ ‖nφ‖ = 0 ‖θ‖ θ

‖θ‖ = n |θ− n|

2

ζ(s) =
1

1s
+

1

2s
+

1

3s
+ · · · s = σ + it

1860 0 < σ < 1 σ = 1
2

1914 σ = 1
2

1921 ζ(s) ζ(s) =

ϕ(s)ζ(1−s) s = σ+it |t| = 2πxy |σ| ≤ h x > k

y > k h k

ζ(s) =
∑
n<x

1

ns
+ ϕ(s)

∑
n<y

1

n1−s
+O(x−s) +O(yσ−1|t|

1

2
−σ)

∫ T

0

∣∣∣∣ζ
(
1

2
+ it

)∣∣∣∣
2

dt ∼ T T



s ± |ζ(s)| ζ(s)

s 0 < σ < 1 σ ≥ 1

b

t→∞

|ζ(1 + it)|

t
≥ b

t→∞

|ζ(1 + it)|

t
≤ 2b

N(T ) 0 < σ < 1 0 < t ≤ T ζ(s)

N(T ) =
T

2π

T

2π
−

T

2π
+

T

8
+O( T )

O(
T
T
) c

T

1914 π(x) x

x =
δ→0+

(∫
1−δ

0
+
∫ x

1+δ

)
dt
t

1908

π(x) = x+O(xe−e
√

x)

x→∞

π(x)− x

(
√
x/ x) x

> 0

x→∞

π(x)− x

(
√
x/ x) x

< 0



π(x) < x

π(x) − x x

π(x) > x + 3−1x
1

2 ( x)−1 x x

π(x) < x − 3−1x
1

2 ( x)−1 x

3 1920 1928

L

k

S(k) S ≥ S(k)
s∑

i=1

xki = N N

rk,s(N)

1920

rk,s = (1 + o(1))
Γ(1 + 1/k)s

Γ(ζ/k)
ns/k−1 · Sk,s(n)

Sk,s(n)

∏
p

λ→∞
M(pλ)p−λ(s−1) p

M(p)
s∑

i=1

xki ≡ n ( p)

3



1

Lp(p > 1)

©1 g(θ) g∗(θ) F (z) = F (ρeiθ)

g(θ) = g(θ, F ) =

(∫
1

0

(1− ρ)|F ′(ρeiθ)|2dρ

) 1

2

g∗(θ) =

∫
1

0

(1− ρ)dρ

∫
2π

0

|F ′(ρei(θ+t))|2

×
1− ρ2

1− 2ρ t+ ρ2
dt

r > 1 r Ar Br

Ar

∫
2π

0

|F (eiθ)|rdθ ≤

∫
2π

0

|g(θ)|rdθ

≤ Ar

∫
2π

0

|F (eiθ)|rdθ, (∗)

Br

∫
2π

0

|F (eiθ)|rdθ ≤

∫
2π

0

|g∗(θ)|rdθ

≤ Br

∫
2π

0

|F (eiθ)|rdθ

©2 f(x) ∈ Lp(0, 2π)
∞∑
−∞

Cke
ikx

∆0 = C0 ∆k(x) =
∑

2k−1
≤|n|<2k

Cne
inx (k ≥ 1)



(∗) Ap(p > 1)

Ap

∫
2π

0

|f(x)|pdx ≤

∫
2π

0

(
∞∑
k=0

∆2

k(x)

)p
2

dx

≤ Ap

∫
2π

0

|ϕ(x)|pdx

Lp

L2(0, 2π)

2

f(x) Rn

(Mf)(x) =
r>0

1

|B(x, r)|

∫
B(x,r)

|f(t)|dt

f B(x, r) x r

B(x, r) (Mf)(x)

f ∈ Lp(Rn) 1 ≤ p ≤ ∞

∫
Rn

|(Mf)(x)|pdx ≤ A

∫
Rn

|f(x)|pdx (1 ≤ p ≤ ∞)

A p n

(Mf)(x) ≥ |f(x)|

f ∈ Lp(Rn) (p > 1) (Mf)(x) ∈

Lp(Rn) (Mf)(x) Lp



3

1934

1
2

1
3



[1]
1982

[2]
1966

[3]
1926

2 1926 3 1954

[4]
1944

[5]
1934

1965

[6]
11 1979 59 103

[7]
70 77

[8] 78
86

[9]
86 93



1885 11 9

1955 12 9



1885 11 9

1955 12 9

1781

1904

1905



1906 1907

1913 1910

1913

1943

1915 1916

1923

1930



1933 1

1985

1943

· · · · · ·

1939

1940

1951



1935 n 1938 1939

1938 1942

1948 1950

1951

1954

1955 12 9

1968

166

1904 1913 1913 1930 1930

1933 1933 1955

1



1910

d

dx

(
p(x)

dy

dx

)
− (q(x)− λ)y(x) = 0 (1)

0 ≤ x ≤ l p(x) > 0 q(x) y(x)

y′(0)− wy(0) = 0 2

y′(l)− hy(l) = 0 3

w h λ

λn (λn → ∞) 1

λn yn(x)

yn(x) nx nx

yn(x)

nx nx

l = +∞ λ

h w(λ, h) (2) (3)

h w(λ, h) Cl(λ)

l → +∞ Cl(λ) λ

λ

1 [0,+∞)

n+

n− P (x,D)



a < x < b

a b 0 ∞ n+ = n− = 0

P (x,D) 0 ∞

n+ = n− = 1

n+ = n− = 2 P (x,D)

λn

yn(x) λ yλ(x)

1910

1910

∆u + λu = 0

λn

H

λ1 · · · λn−1

(λn)

λ λ

N(λ)

λ =

√
2πv

v

ν v

N(λ)→
A

4π
λ ( λ→ +∞ )

A ν

dν

1954 5



1911

1912

w =
√
Z Z w Z

R
√
Z R

R R U

U U ψU

(U, ψU ) U U U U

R 2 V = U1 ∩ U2 ψU1
(V ) ψU2

(V )

ψU1
◦ ψ−1U2

ψU2
(V )

ψU1
(V ) ψU1

◦ ψ−1U2

(R,U)



1913

1913 1930

1914 1

1916

{xn} 1 xn yn

[0, 1] [0, 1] [α, β]

n→∞

ν(α, β, n)
n

= β − α ν(α, β, n) n

x1 · · · xn y1 · · · yn [α, β]

{xn} 1 [0, 1]

f(x)

n→∞

f(y1) + f(y2) + · · ·+ f(yn)

n
=

∫
1

0

f(t)dt

{xn} 1 h N →

∞

1

N

N∑
n=1

(2πikxn)→ 0

p(x) p(n)



θ {nθ}

k g(k) k S(≥ g(k)) k

ζ ζ

= 1
2

1916

1916 1917

1918

1917 1919



ds2 =
n∑

i,j=1

gijdsidsj

a b l a Pa l b

Pb Pa l Pb l Pa l

l Pa l b

a

r a Pa a l

θ Pa

a Pa 2π

2π
2πr

= 1
r

xi = xi(t) i = 1 2 · · · n (t1 ≤

t ≤ t2) S

S =

∫ t2

t1

√√√√∑
j,i

gij(x(t))
dxj

dt

dxi

dt
dt

gij

d2xh

dS2
+
∑
ij

{
h

ji

}
dxj

dS

dxi

dS
= 0

{
h

ij

}



vh(t)

dvh

dt
+
∑
ji

{
h

ji

}
dxj

dt
vi = 0

vh(t) xh = xh(t)

dxh

dS

gij{
h

ij

}
Γh
ij{

h

ij

}
xh(t) vh(t)

dvh

dt
+
∑
j,i

Γh
ij

dxi

dt

dxj

dt
vi = 0

vh(t) xh(t)

Γh
ij n

n3 Γi
jk

(xi) (ξi) (xi+ dxi) (ξi+ dξi)

dξi = −
∑

Γi
ijξ

rξs

Γi
ik

1918



· · ·

· · ·

dφ =
∑
φµdx

µ(∫ Q

ρ
dφ

)
d( λ) dφ

Fµν =
∂φµ

∂xν
−
∂φν

∂xµ

Fµν φν = · Aµ

Aµ

dφ → dφ + d( λ)

0

1949

· · · · · ·

1929

1927

1929



eiλψ ψ φa −
∂λ
∂xa

φa

· · ·

· · ·

1918

1954

1925 1926

1927

1928

1935

1930



1930

1952

1929 1957

n GL(n, c)

1 SL(n, c)

1913

1897

SU(n)

SL(n, c)

1924 SU(n)

SL(n)

SL(n, c)

SU(n)

SU(n)



G Gu

G Gu

Gu

Gu

Gu

Gu Gn

T Gu SU(n)

Gu T Gu

Gu

Gu

F Gu F

(f ∗ g)(t) =

∫
Gu

f(st−1)g(t)dt

F R(f) g → f ∗ g R(f)

n V

GL(V ) G V G

(x, y) =

∫
G

f(g(x), g(y))dw, x, y ∈ V



1

1931

1932

1943

50 612

654 1944

1981



1935 n 1938 1939

1938 1942

1950

1985

1927

1910

1918



1953 1985

7 4

1a a 2a 1a+ a 3a

2a + a a νa

ν νa = 0 ∞

[1] 4
1968

[2]
1928

[3] 1923

[4]
1913

[5]
1926

[6]
58 1951 8 523 553



1985

[7] 1885 1955
2 3 1957

[8]
1967

[9] 9 1986 11

[10]
1985 3 60



1887 12 13

1985 9 7



1887 12 13

1985 9 7

12 13

13 13

1905



1977

· · · · · ·

1910 1911

1912

1912 1913

1914



1914

1918

1924

1934

1928

1933



1940

1942 1

1953

1978

1974

1974

1963

1984

1963

1968



1978 1980

1977

250

1974 1984

1

1912

r b



c

1921

1
4

1
2

d d d

d d

2d 1
2d

1921

1964

2



1914

1957

1973

1947

1915

1919

x > 1 x

1958

1962

906180359

1926 ξ

ξ



3

1935

1874

1937

110

1927

4



1960

5

k



1962

1965

1963

1

2



3

1965

1977

1914

1944

17

1954

1962 1965 1981



1913

1918

1925

1935 1972

1976

1981 1985

1959



1 2 · · · 1 2 · · ·

1987

1

2

1980



[1]
1974 1984

[2]
1987

[3]
1985

[4]
1985 1 2 2 12

[5]
3 1985 4 105 119

[6]
5 1958 141 145

[7] 1991



1887

12 22

1920 4 26



1887

12 22

1920 4 26

20

1897

eix = x+ i x

1903

6000

1903 1907



1904

1907 1911

1909

1910

150



1912

25

π

1913 1 16

120

1914



21

1918

1917

1919 4

250

1920 4 26

· · · · · ·

1976



600

1967

1987 12 22

1907 1911

1914 1918

1919 1920

γ



π

π π

n

n

1918

An−1e2
√

n < P (n) < Bn−1e2
√

2n

A B

P (n) ∼ (4
√
3n)−1ec

√

n

c = π

√
2

3
1937

P (n) =
1

π
√
2

∞∑
k=1

Ak(n)
√
k
d

dn

(
(cλnk

−1)

λ

)



λn =
√
n− 1

24
Ak(n)

n P (n)

1919

P (n) (n ≤ 200)

P (5n+ 4) ≡ 0 ( 5) P (7n+ 5) ≡ 0 ( 7) P (11n+ b) ≡

0 ( 11) P (25n+ 24) ≡ 0 ( 25)

24λ ≡ 1 ( 5a7b11c)

P (5a7b11cn+ λ) ≡ 0 ( 5a7b11c) (1)

P (n) 24 · 243 ≡ 1 ( 73)

P (243) = 133978259344888 ≡ 0 ( 73)

1938 1

5 7 1967

24λ ≡ 1 ( 5a7b11c)

P (5a7b11cn+ λ) ≡ 0 ( 5a7[(b+2)/2]11c)

1

P (n)

P (4) + P (9)x+ P (14)x2 + · · ·

= 5
[(1− x5) (1− x10) (1− x15) · · · ]5

[(1− x) (1− x2) (1− x3) · · · ]5



[1]
1927

[2]
17 1918 2 75

115

[3]
1
1968

[4]
1987

[5] 2 1957

[6]
1985

[7]
1940

[8]
11 1975 267 269

[9]
7

1990

[10]
1976



1890 7 4

1978 2 3



1890 7 4

1978 2 3

1905

1907

1909

1910 6 1911

9 1915 6

9 1918

1919 5

10 12

1920 1948

1923

1926

1931 1934

1936

1938



1945

1946 6

1947 7

1948 6

9 12

1949 2

1949 8

1952 9

1959

1963

1949



1949

1936 10



1932

1938

1949

1949

1949

1947



1953

1960

1945 1954

1985



· · · · · ·

1933

1989 10



[1]
1919

[2]
1945 257 262

[3]
1954

[4] 1986

[5] 1890 1990
1989

[6]
19 1990 3 366 373

[7]
10 1987 115 131

[8] 1902
1982 105 106

[9]
1990 1 5 6

[10]
1986 546 549



1891 9 14

1983 3 20



1891 9 14

1983 3 20

1903

1910

1914 1924

1914

1915

1918 1920

1920

1936 1925



1929 1

1930 1932 1930 1934

1934

1950

1958

1946

1958

1971

1939

1942



m ≥ 1 a b a − b

m m|(a − b) m a b m

a ≡ b( m) m

m m

m

m

m = p ≥ 3 f(x) = anx
n + · · · + a1x + a0

n ≥ 1 x0

f(x) ≡ 0 ( p) (1)

t ≡ x0 ( p) t 1 1

an 6≡ 0 ( p) 1 n

n = 2 1

x2 ≡ a ( p) (2)

(
a

p

)
=




1 p ∤ a

0 p | a

−1 p ∤ a

(3)



(
a
p

)
= 1 −1 a p

p

{1, 2, · · · , p} p

p∑
a=1

(
a

p

)
= 0 (4)

N

N+p∑
a=N+1

(
a

p

)
= 0 (5)

p

N M a

[N + 1, N +M ]

3
∣∣∣∣∣
M+N∑
a=N+1

(
a

p

)∣∣∣∣∣

5 1 ≤M <
p
2

∣∣∣∣∣
M+N∑
a=N+1

(
a

p

)∣∣∣∣∣ <
√
p p (6)

M

1915

p

χq(a) q

1918



χq(a) q N ≥ 1
∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣ <
√
q q (7)

χq(a) ∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣≪
√
q q (7∗)

1977

∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣≪
√
q q (7.1)

1932

χqj (j = 1 2 · · · )

N

∣∣∣∣∣
∑
a≤N

χqj(a)

∣∣∣∣∣ ≥
1
7

√
q
j

qj,

(7∗) 7.1

n2(p) > 1 p 1919

7

n2(p) ≤ p
1

2
√

e ( p)2

ε > 0 n2(p) = O(pε) ε > 0

r∗
2
(p) = O(pε) r∗

2
(p) p

1952

n2(p) = O( 2 p) 1967



a b c

f(x, y) = ax2 + bxy + cy2

{a, b, c} d = b2 − 4ac

(a, b, c) = 1 {a, b, c}

(a, b, c) a b c

{a1, b1, c1} {a2, b2, c2} x y

u v {
x = ru+ sv

y = tu+ wv
rw − st = 1

{a1, b1, c1} {a2, b2, c2}

d

h(d) d

d h(d)

−d < 0

1801 302

n∑
d=1

h(−d) =
4π

21ξ(s)
n

3

2 −
2
π2

n+R(n) (8)

s > 1 ξ(s) =
∞∑

m=1

1
ms R(n)

1865 1874



8

1894

§16

1917

1903

k ≥ 1 A > 29 R > Q f(x)

[Q,R]

1

kA
≤ f ′′(x) ≤

1

A
(9)

∑
Q<x<R

{f(x)} =
1

2
(R−Q) +G (10)

{y} y

|G| < 2k

(
R−Q

A
+ 1

)
(A A)

2

3 (11)

n∑
d=1

h(−d) =
∞∑
r=1

µ(2r − 1)F

(
n

(2r − 1)2

)
(12)

8

R(n) = O(n
5

6 ( n)
2

3 ) (13)

µ(m) F (m)

1963

R(n) = O(n
2

3 ( n)6) (14)



x = Q x = R y = f(x) y = 0

1925

11

P (x)

u2 + v2 + w2 ≤ x

1963

P (x) =
4

3
πx

3

2 +O(x
2

3 ( x)6) (15)

1770

204 205

· · ·

k ≥ 2 k s = s(k)

s k

s(k) = g(k) g(k) k

g(k)

G(k)

s(k) G(k)

G(k)

1909

k = 2c k s(k)



k s(k) s(k)

1920 1928

1918

1924

1927

g(k)

1936

g(k)

s ≥

(k − 2)2k−1 + 5 k ≥ 3 Rs(n) n s k

n

Rs(n) ∼ S(n)n
s
k
−1

(
Γ(1 +

1

k
)

)s

Γ(
s

k
)

(16)

S(n)

G(k) ≤ (k − 2)2k−1 + 5 (17)

1925



k ≥ 4

G(k) ≤ (k − 2)2k−2 + k + 5

+



(k − 2) 2 + (1−

2

k
)

(1 +
1

k − 1
)


 (18)

f(z) =
∞∑

m=1

zm
k

s

f(z)s =
∞∑
n=0

Rs(n)z
n

Rs(n) =
1

2πi

∫
C

f(z)sz−n−1dz (19)

C ρ (0 < ρ < 1)

s ≥ s0(k) n 19

1928

S(α) =
N∑

m=1

e(αmk) (20)

s

S(α)s =
sn∑

m=1

Rs(m,n)e(αm) (21)

e(x) = e2πix N = [n
1

k ] Rs(m,n) m s

N k

Rs(n) =

∫
1

0

S(α)se(−αn)dα (22)
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G(k) ≤ 2k2(2 k + k + 5) (k ≥ 4) (23)

16 Rs(n) > 0 G(k)

1934 k k

G(k) < 6k k + ( 216 + 4)k (k ≥ 4) (24)

G(k) > k (25)

24 k k 1959

k > 170000

G(k) < k(2 k + 4 k + 2 k + 13) (26)

k→∞

G(k)

k k
≤ 2 (27)
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k ≥ 4000

G(k) < 2k( k + k + 6) (28)

G(k) k
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1923

f(x) =
∑
p

xp p (29)

r

f(x)r =
∞∑
n=1

vr(n)x
n (30)

vr(n) =
∑

p1+···+pr=n

p1 · · · pr (31)

vr(n) =
1

2πi

∫
C1

(f(z))rz−n−1dz (32)

C1 e−
1

n

32 L



θ 1
2
≤ θ < 3

4
L

z ≤ θ

n

N3(n)

N3(n) ∼ C3

n2

( n)3

∏
p|n

(
(p− 1)(p− 2)

p2 − 3p+ 3

)
(33)

C3 =
∏
p>2

(
1 +

1

(p− 1)3

)
(34)

n

1937

S(α, n) =
∑
p≤n

e(αp) (35)

In n 22

In =

∫
1

0

S(α, n)3e(−αn)dα (36)

[0, 1]

In(1) In(2)

In(1)

In(2) 35

B0

n ≥ B0



B0

B0

1956

B0 ≤ ( 16.038) (37)

∑
p≤n

e(f(p)) (38)

f(x)

f(x) = xk

I∗n n s k k ≥ 5

s ≥ [2k2(2 k + k + 5)] n→∞

I∗n ∼ S(n)

(
Γ(
1

k
)

)s

Γ(
s

k
)

n
s
k
−1

( n)s
(39)

S(n) =
∞∑
r=1

As(n, r)
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h=1

(h,r)=1

(
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ϕ(r)

)s

e

(
−hn

r

)
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l=1
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(
hlk

r
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1

θ

N [0, 1) N + 1

0 {θ} · · · {Nθ}

[0, 1) N 1
N

a b 0 ≤ a < b ≤ N {aθ} {bθ}

|{bθ} − {aθ}| <
1

N

k = b−a h = [bθ]− [aθ] h k 0 < k ≤

N

|kθ − h| <
1
N
≤

1
k

(h, k) = 1 θ

h k θ

a hn kn(kn > 0)

|θkn − hn − a| <
3
kn

[0, 1) {mθ} (m = 1 2 · · · )

{mθ} (0, 1)

w =

(xn), n = 1 2 · · · w 1

a b 0 ≤ a < b ≤ 1

N→∞

A([a, b) N w)

N
= b− a

A([a, b) N w) x1 · · · xN {xn}

[a, b)



1

(xn) n = 1 2 · · · 1

h 6= 0

N→∞

1

N

N∑
n=1

e(hxn) = 0

N∑
n=1

e(hxn)

α

xn = αpn n = 1 2 · · ·

pn n 35

N∑
n=1

e(hαpn) =
∑
p≤pN

e(hαp)

= o(π(pN )) = o(N)

(αpn)

(f(pn)) n = 1 2 · · · 1

f(x) 1937

(αpn)

π(x) x x

1848 1850



0.92129 ≤
x→∞

π(x)
x

x

≤ 1 ≤
x→∞

π(x)
x

x

≤ (1.2)(0.92129) (40)

1859 ζ

1896

x→∞

π(x)
x

x

= 1 (41)

x→∞

π(x)

x
= 1 (42)

x =
∫ x

2

du
u

π(x) − x 1901

π(x) = x+O(
√
x x) (43)

ζ σ = 1

ζ(s) π(x) − x

ζ σ = 1

1958

π(x) = x+O(xe−α( x)0.6+ε

) (44)

a > 0 ε > 0 ζ

σ ≥ 1−
C

( (|t|+ 3))
2

3
+ε

(45)



σ ≥ 1−
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2
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1
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1947

1954 1 1

1934

I =

∫
1

0

· · ·

∫
1

0

|T |2bdαn · · · dα1

T =

p∑
x=1

e(f(x))

f(x) = αnx
n + · · ·+ α1x

I
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W =
∑
x≤X

∑
y≤Y

ξ(x)η(y)e(αxy)

ξ(x) η(y)

α

α =
a

q
+

θ

q2
(a, q) = 1 |θ| ≤ 1

|W |2 ≤
∑
x≤X

|ξ(x)|2
∑
x∈X

∣∣∣∣∣∣
∑
y≤Y

η(y)e(αxy)

∣∣∣∣∣∣
2

W

1976
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1946
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[1]
1936

1952
1956

[2]
23 1947 1

109
1 1955 3 106

[3]
1976

[4] 1952

[5]
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[6]
1986

[7] 1801
1 1966
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[9] 1927

[10] 1981
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1981

[12]
1963

[13]
1986

[14] 1957

[15]
1980

[16]
1971

[17] 1985

[18]
1981

[19]
1975

1984

[20]
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[22]
1963

[23] 1957
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[27]
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6 1987 2 147
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1920

1923

1922

1927

1924

1929
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1936

1939 1941

1939

1944

1945 8 31

1960

1967

1972 1 13

C[a, b] [a, b]

I(f) =

∫ b

a

f(x)dx (f(x) ∈ C[a, b])

C[a, b] D(f) =
df
dx

C1[a, b] C[a, b](
n∑

k=1

ak(x)
dk

dxk

)
f = 0

∫ b

a
K(x, y)f(x)dx = g(y)



f g K K(x, y)

n x = (x1, x2, · · · , xn) n

Rn x

[0, 2π] f(x)

(a0, a1, b1, · · · , an, bn, · · · )

an =
1
2π

∫
2π

0

f(x) nxdx bn =
1
2π

∫
2π

0

f(x) nxdx

f(x)

1906

a b

(a, b) = |a||b| θ θ a b

(a, b) = 0 a b

|a| =
√

(a, a) |a| a b

ρ(a, b) = |a− b|

C[a, b] f(x)

‖f‖ =
a≤x≤b

|f(x)|

C[a, b]

ρ(f, g) = ‖f − g‖ =
a≤x≤b

|f(x)− g(x)|

C[a, b]



l2

l2 =

{
(a1, a2, · · · )

∞∑
k=1

a2k <∞

}

n Rn 1920

1922

1927

1927 9

X

Tn x ∈ X ‖Tnx‖ (n = 1 2 · · · )

Cx C

‖Tn‖ =
‖x‖≤1

‖Tnx‖ ≤ C

Tn X B = {x ∈ X| ‖x‖ ≤ 1}

x



Tn (n = 1 2 · · · )

xn ‖xn‖ ≤ 1(n = 1 2 · · · ) ‖Tnxn‖ n

x ‖Tnx‖ n

f(x)

Fn(f, x) =
n∑

k=0

(ak kx+ bk kx)

x fn ‖fn‖ ≤ 1

|Fn(fn, x)| f0

‖Fn(f0, x)‖ f0(x)

x

1922

1927

f x y d(x, y)

d(f(x), f(y)) ≤ αd(x, y) 0 < α < 1

f z f(z) = z

1920



X

X∗ X {xn} x0 f ∈ X∗

f(xn)→ f(x0) xn x0

1924

A =
n⋃

i=1

Ai B =
n⋃

i=1

Bi Ai ∩Aj = φ Bi ∩Bj = φ (i 6= j)

Ai Bi

Aα(α ∈ I) S

S ∩ Aα = aα α ∈ I

n M



A(M)

M1 M2

A(M1 ∪M2) = A(M1) + A(M2)

M1 M2

A(M1) = A(M2)

M A(M)

n

n ≥ 3

n = 1 n = 2

M1 M2 · · · Mn · · ·

A

(
∞⋃
n=1

Mn

)
=

∞∑
n=1

A(Mn)

A(M) n

1 2 3 · · ·

· · ·
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f(x)

f1(x) f2(x)

f(x) =
1

π

∫ π

−π

f1(ξ)f2(x+ ξ)dξ

f(Z) = Z + a2Z
2 + a3Z

3 + · · ·

|Z| < 1

1916 |a2| ≤ 2[26]

|an| ≤ n

K(Z) = Z + 2eiϕZ2 + · · ·+ nei(n−1)ϕZn + · · ·

1984

f(Z)

f(e
2πi
k Z) = e

2πi
k f(Z) f ∈ Sk 1933

k = 2 3 f ∈ Sk |an| ≤ ekn
2−k
k
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[12]
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[13] 1
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[14] 1 1955
748 774
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[17]
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f(z) T (r, f)

f(z)

T (r, f)

r

f(z)

U(r) U(r) = ρ(r) r

f(z) ρ(r)

1

2

a

m(r, a) + N(r, a) T (r, f)

N(r, a) f(z) a
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Hn(X Z) → Hn(Sn Z) Hn(X, Z/mz) → Hn(Sn

Z/mz) (m ≥ 2)

3 1939

H H H

1941 H

G T H∗(G Q)

G/T G

4 1941

1936

X

π1(X) = G O

G O → R→ F → G→ O F
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2 W W

k1 k2 W (k1, k2) = 0 1950
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0

W
dk2
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3

S4 S8
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[2]
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1920 1930

1920

t > 0 C [0, t] o

C

(ai, bi) i = 1 2 · · · n n

0 < t1 < t2 < · · · < tn ≤ t

A = { x | x ∈ C, x(ti) ∈ (ai, bi), 1 ≤ i ≤ n }

C x A

[(2π)nt1(t2 − t1) · · · (tn − tn−1)]
−1

2

∫ b1

a1

· · ·
∫ bn

an

[

−1
2
·

(

x21
t1

+
(x2 − x1)

2

t2 − t1
+ · · ·+ (xn − xn−1)

2

tn − tn−1

)]

dx1dx2 · · · dxn

C dwx

X = {X(t), t ∈ R+ } (Ω,F , P )

d Rd 1 X(0) = 0 2

0 ≤ t1 < t2 < · · · < tn X(t0) X(t1) −



X(t0) X(t2)−X(t1) · · · X(tn)−X(tn−1)

3 S ≥ 0 τ > 0 X(s+ τ)−X(s)

P (τ, x) = (2πτ)
−d

2

(−|x|2
2τ

)

d X = (x1, x2, · · · , xd) ∈ Rd

|x| =
(

d
∑

k=1

x2
k

)

1

2

X 4 X X

1 4
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1927

1930

f(x) ∈ L2(−∞,∞) f(x) = 0 ( |x| > σ ) f

f(x) =

∫ σ

−σ

f(t)e−itxdt (1)

1 x z z = x + iy

F (z)

F (z) =

∫ σ

−σ

f(t)e−itzdt (2)

F (z) f ∈ L2(−∞,∞)

|F (z)| ≤ eσ|z|
∫ σ

−σ

|f(t)| dt

≤
√
2σ

(
∫ σ

−σ

|f(t)|2 dt
)

1

2

eσ|z|

≤ Aσe
σ|z|

2 F (z) σ

σ > 0 F (x) ∈ L2(−∞,∞) F (x) L2(−∞,∞)

(−σ, σ) f(t)

F (x) σ F (x + iy) x
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∫ ∞

0
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|z| < 1 |f(z)| < 1 f(z)
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1879

f(z) f(z)

f(z)

f(z)

1897

1882

1883 f(z) ρ = ρ(f)

ρ =
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M(r, f)

r
(1)

M(r, f) =
|z|=r

|f(z)|

f(z) ρ 0 < ρ < +∞ n(r, a)

f(z)− a |z| ≤ r

a

r→+∞

n(r, a)

r
= ρ



f(z) = a

f(z) M(r, f)

1893 a

r→+∞

n(r, a)

r
= ρ (2)

f(z)

f(z) G(z) H(z) = G(z)f(z)

f(z) =
H(z)

G(z)

ρ1 ρ2 G(z) H(z) f(z)

ρ = (ρ1, ρ2)

M(r, f)

f(z) M(r, f) r

r

f(z) |z| = r0 f(z)



M(r0, f) +∞ M(r, f)

1925

|f(0)|

=
1

2π

∫ 2π

0

|f(reiθ)|dθ +
k

∑

j=1

r

|bj|
−

h
∑

j=1

r

|aj|
(3)

aj (j = 1 2 · · · h) bj (j = 1 2 · · · k)

f(z) |z| ≤ r f(0) 6= 0

∞ 1913

h
∑

j=1

r
|aj| =

∫ r

0

n(t, 0)

t
dt

k
∑

j=1

r
|bj| =

∫ r

0

n(t, ∞)

t
dt

n(t, 0) n(t, ∞) f(z) |z| ≤ t

+ x =

{

x (x ≥ 1)

0 (0 ≤ x < 1)



1

2π

∫ 2π

0

|f(reiθ)|dθ =
1

2π

∫ 2π

0

+ |f(reiθ)|dθ

− 1

2π

∫ 2π

0

+ 1

|f(reiθ)|dθ

1

2π

∫ 2π

0

+ |f(reiθ)|dθ +
∫ r

0
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t
dt

=
1

2π

∫ 2π

0

+ 1

|f(reiθ)|dθ +
∫ r

0

n(t, 0)

t
dt+ |f(0)|

f(0) 6= 0 ∞

m(r, f) =
1

2π

∫ 2π

0

+ |f(reiθ)|dθ,

N(r, f) =

∫ r

0

n(t, ∞)− n(0, ∞)

t
dt+ n(0, ∞) r

m(r, f) +N(r, f) = m

(

r,
1

f

)

+N

(

r,
1

f

)

+ |cλ| (4)

cλ f(z)

f(z) = cλz
λ + cλ+1z

λ+1 + · · · (cλ 6= 0)

4 a

m

(
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1

f − a

)

+N

(
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1

f − a

)

= m(r, f)+N(r, f)+O(1) (5)

T (r, f) = m(r, f) +N(r, f) (6)



f(z) 5

r→+∞
T (r, f) = +∞
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T (r, f) =
1

2π
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0

N
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r,
1

f − eiθ

)

dθ + A

A T (r, f) r

r

T (r, f) M(r, f)

f(z) ρ = ρ(f)

ρ =
r→+∞

T (r, f)

r
(7)

f(z) 7 1

f(z) 7

N

(

r,
1

f − a

)

≤ T (r, f) +O(1) (8)

2

|f(z)| =
1
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∫ 2π

0
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)

dθ

−
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∣

∣

∣

∣
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∣

∣

∣

∣

+
k

∑
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∣

∣

∣

∣
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r(z − bj)

∣

∣

∣

∣
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f(z) aj j = 1 2 · · · h bj j =

1 2 · · · k f(z) |z| < r
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9

m
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f

)
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N
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1
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)

a 6=∞
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m

(
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1

f − a

)

a 6=∞
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f(z)
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q

∑
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N(r, aj)−N1(r) + S(r) (11)

aj (j = 1 2 · · · q) (q ≥ 3) q
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V = L → ∧ (5)

V = L L

L

V = L L

L

L

1908

α

2ℵα = ℵα+1 (6)

1883

2ℵ1 = ℵ2 (7)

3 7 6

1940 V = L → ∧



1940

1

2

3

4

2ℵ0

1

1947

· · ·



2ℵ0 = ℵ2

1944



1 1936

S1 S2 · · · Si Si+1 · · ·
Sn Sn+1(n ∈ ω)

Sn Sn+1 Sn+1 Sn

2

1932

1933

1936

∃ · · · ∃∀∃ · · · ∃
∀ · · · ∀∃ · · · ∃

∃ · · · ∃∀∀∃ · · · ∃ ∀∀∀∃ · · · ∃

1961

∀∃∀ ∀∀∀∃



1981

[1]
37 1930

349 360

[2]
38 1931 173 198

[3]
3 1930 1

1932 12 13

[4]
2 1931 147 148

[5]

69 1932 65 66
4 1931 2

1933 40

[6]
4 1931 2 1933

1932 3 34 38

[7]

1934 30

[8]



7 1934 5 1936
1936 23 24

[9]

24 1938 556 557
1940

[10]
25 1939 220 224

[11]

1938 9

3 1940 66
4 ∃ 13

§ 74 1951 74

[12]

1944 123 153

[13]
54 1947 515 525

[14] 1 1929 1936
2

1974 3 4

[15]
1977

[16]
43 1978 213 227

[17]

1964

[18]
1976



[19]
50

1963 1143 148 51 1964 105 110

[20]
1966

[21]

1965

[22]
54 1982 3 24

[23]
24 255

284 25 1983 283 287

[24]
6 1984 4 9 17

[25]
12 1985 66 70

[26]
1958

[27]
14 1949 159 166

[28] 15 1950
81 91

[29]
1952

1980
1984

[30]
12 1950 244 246

[31]
41 1976 761 778 43 1978 613

[32] 1906 1978
1985

[33] 28 1906 14 1978



26 148
224 27 697 28 718 1980

[34]

1952

[35] 1906 1978 1978
81 84

[36]
1966 1974

1981)

[37]
1 1936 87 91

[38]
1879 1931

1967

[39]
17 52 1970

[40]
1974

[41]
1 1978 182 184

[42]
46 1981 653 659

[43] 1989

[44] 1991



1906 5 6

1998 8 6



1906 5 6

1998 8 6



1926 11

1927

≥ 2



1929

1930 1932

1932 5

12

1933 11

1937

1933 1934

1938 1939

1939 11

12

1940

5

1941

5 3



1941 1942 1942 1944

1945 1947

1947

1955

1979

1958

1976

1970

1982

1979

1

1

1922



1926

≥ 2

1929

1983

1986

2 Fq (q = pd)

1921

Γ ζ

ζK(s) =
∑

a

1

N(a)s

a K N(A) a N(a) =

qf f a q−s = u ζ Z(u)

d

du
( Z(u)) =

∞
∑

m=1

Nmu
m−1 Z(0) = 1

N Γ Fq

1931

Z(u) =
P2g(u)

(1− u) (1− qu)

P2g 2g Z(u) u

Z(u)

Z

(

1

qu

)

= q1−gu2−2gZ(u)

1933 Z(u)

P2g |u| = q
1

2

|N1 − (q + 1)| ≤ 2g · g 1

2



1934 (g = 1) 1940

g ≥ 2 1948

∣

∣

∣

∣

∣

p−1
∑

x=1

(

2πi

P

(

x+
1

x

))

∣

∣

∣

∣

∣

≤ 2
√
P

1949

ζ Z(u, V )

©1 Z(u, V ) u

©2 Z(u, V )

©3 Z(u, V )

a0x
d0
0
+ · · · +

anx
dn
n = 0

1973

1978

K

K

ζ L

l

3

K/k GK, k



K/k GK k

GK k

1967

GK k L L

L

1952

4 1936 1940

1938

k Ak

Ck

1960

K GA G
(1)

A GA

G
(1)

A /GK

= 1

1988



5

A

WC(A, k) 1955

WC(A, k)

1 1988

1911

1955

CM

12

6

1936

1967



2

1

1948

k

1952 1954

X A

n nX X 1955

2

1946 1962

3

θ



3

1958

σ A AR

AR σ G G

GZ AR

AR P (AR)

1960

n > 2 SL(n, R)

Γ SL(n, R)/Γ

SL(n, R)

H ′(Γ, g) = 0 g G

Γ

4

1937



1936

3 1940

1945

5

1941

1940

n N

1943

1926

L S

S ≤ L2

4π

1949



1958

1932

6

1984

1975

1976 1972

1978



[1] 1926 1951 1951
1964 1964 1978 1979

[2]
551 3 40

1937

[3]
1940

[4]
1946 2 1962

[5]
1948

[6]
1948

[7]
1958

[8] 1961
1982

[9]
1971

[10] 1967 2 1971
3 1974

[11]
1976

[12]
1984

[13]
1979

[14] 1991

[15]
1985

[16]
1989



1907 3 23

1989 5 10



1907 3 23

1989 5 10

1897 1898

9

10 11

1921 1923

1924

1928

1932

1931 1933

1933 1946



1935 9

1935

1935

1943 1945

1946

1948 1950 1944 1949

1949

1954 1950

n r

1952 1977

1966

1967

1967

1979 1982



1945

1976 1982

1985

1957

1972

1974

1

G G′ ab ac ad

n n n + 1

n − 1

G n n + 1

n G G′ G

G G′

M(λ)

M(λ) λ

mij M(λ) G

Pi =
∑

j

(−1)i+jmR−j,N−i



R G N G

M C1 C2 · · · Cn

1

2 Np Np+1 p p+1

Np Np+1 p+ 1

2

1

1932 1942

1925 A n

E f(x) A

f E F 1932

F E − A

f(x) A Cm A F f F m

f A

A 1

2

1942



n En E2n−1 f f

f∗

y1 = x21

yi = xi (i = 2 · · · n)

yn+i−1 = x1xi (i = 2 · · · n)

1955 E2 E

{

u = x2

v = y

{

u = xy − x3

v = y

1956 En → Em

n ≥
m = 2 3 (n, m) = (4, 4) (5, 5) (5, 4) (n, 2n − 2)

En → Em n = 3 4 m = 4

· · · 2n − 3

1968 1971

1967

1948



3

1957 1965

1957

1965

1965

3

1936

Cr (1 ≤ r ≤ ∞) Cr Cr

C∞ C∞ C∞

n

R2n+1 2n + 1 R2n

1944 n R2n

R2n−1



4

1935

1940 1937 1941

1936 1935

1940 1950

1949 1950

1951

1

1937 Gn,r

B r [B, Gn,r] B Gn,r

(n ≫ r) 1943

B B

1939

1935 ξ g B′ → B

g∗(ξ) g

1959

1 69



2

(E, B, P ) B

Sn,m Sn,m

Hn−m(Sn,m) ∼=
{

Z m = 1 n−m

Z2 m 6= 1 n−m

1937 1940

g B′ → B

E ′ = g∗(E) E

Wr(E
′) = g∗(Wr(E))

E ′ E ′′

E ′ ⊕ E ′′ Wr(E
′ ⊕ E ′′)

Wr(E
′ ⊕ E ′′) =

∑

i

Wi(E
′) ∪Wr−i(E

′′)

∪ r ≥ 4 1941

E E ′

1948

3



P8(R) R14 R15

5

1935

1935

1937

X n Y n

(n− 1) f g X → Y

Hn(Y Z)→ Hn(X Z)

[X, x0 Y, y0]→ Hn(X πn(Y ))

1936

1941 2

1941

S2

1936 1948 R

k R

1938



6

1946 1957

n r

1957

[1]
1992

[2]
1957

[3]
1972

[4]
1974

[5]
1900 1960 1989



1908 9

3 1988 5 3



1908 9

3 1988 5 3

1925

1928

1929

1934

1934

1935



1950 1960

1939 1958

1970

1970 1974 1969

1927 1952

1934 n Mn

A X r Hr(A, X)

B = Mn\A Y (n − r − 1)

1933

G C(G)



C ∼= C(G)

1938

1958 1940

n + k n

1936

k = 1 2 n > 3 n + 1 Sn+1

n Sn

π3(S) = Z

1934

1935



· · · · · ·

1932

1952

1952



1956

x(t) = F (t, x(t), u(t))

u(t) t = 0 t = 1 x(t) x0 x1

u(t)

J [u(t)] =

∫ t1

t0

f(t, x(t), u(t))dt

J [u(t)] u(t)

x(t) H(ψ(t1), x(t),

u) u(t) x(t)

ψ(t) = (ψ0(t), · · · , ψn(t)) H(ψ(t), x(t), u(t))

t1 ψ0(t1) = 0 H(ψ(t1), x(t1),

U(t1)) = 0

1961

1961

1975

1968

1980



1940 1962

1966

1969

1936

[1]
34 1986

6 7 12 1987 4
324 334

[2]
1954
1957 1958

[3]
1947

1954

[4]
1952

[5]

1961
1965

[6]
1961



1984

[7]
1983

1984

[8]
1980

1982

[9]
1988

[10]
1986

[11] 1988
4 18 19

[12]
1994 1 61 68



1910 9 1 1970 12

18



1910 9 1 1970 12

18

1924

1928

1929

1933



1936

1938

4 5

1938

1940

1945

1946

1947

1948

1955



1970 12

1938

T 2 5 T 2

T 2

13 λ

λ

T 2

· · · · · ·



1938

4 σ2

s2

1928

6

n ≥ p ≥ 1
∫

· · ·
∫

f(x′x)dxn×p =
π

np

2
−p

4
(p−1)

p−1
∏

j=0

Γ
(

n−j
2

)

∫

· · ·
∫

A>0

|A|n−p−1

2 f(A)dA

9

A

B W (m, Σp×p) W (n, Σ)

m ≥ p n ≥ p θ1 ≥ · · · ≥ θp ≥ 0

|A− θ(A+B)| = 0

p θ1 · · · θp



1958

1951

1938 1945

· · · · · · 1945

26 ū1 · · ·
ūk f(ū1, · · · , ūk) f

40



14

7 10

1959

38 §2
40

1947

1947

· · · · · ·
· · · · · ·



35

18

1963

A

Σ Ψ

|Ψ− λΣ| = 0

0

1964

1949



40

[1]
1983

[2]
1981



[3] 7
1979 3 471 473

[4]
32 1941 70 80

[5]
18 1947 473 494

[6]
10 1950 305 340

[7]
1958

[8]

1947
38 1951 345 367

[9]
7 1979 3 474 478

[10] 1959

[11]
3 1950 12 485 492

[12]

1968

[13]
1909 1970 7 1979 3 467 470



1910 11 12 1985 6

12



1910 11 12 1985 6

12

1928

1927

1951

1928

1929

1930

1931

1934



1936

1937

1938

1945

1946 2 5

1948 1947 1948

1948 1950

1950

1952



1957 1957

1958

1963

1963 1963 1955

1966

1967

1958

1979

1977

1978

1983

1978 1980

1950 1983



1985 6 12

1980 1983 1984

1982

1983 1985

1949

1

1 q f(x)

f(x) = akx
k + · · · · · ·+ a1x

(ak, · · · , a1, q) = 1

S(q, f(x)) =

q
∑

x=1

e(
f(x)

q
) e(x) = e2πix

f(x) = x2 S(q, x2)

|S(q, x2)| = q
1

2

S(q, f(x)) 1940



|S(q, f(x))| = O(q1−
1

k
+ε) (1)

ε O k ε 1938

1 O f(x)

ai (1 ≤ i ≤ k) qε

1 |S(pk, xε)| = pk(1−
1

k
) p

p 6 | k
1 n K

p
∑

k=1

e

(

hxk

q

)

=
p

q

q
∑

x=1

e

(

hxk

q

)

+O(q
1

2
+ε) (2)

f(x) = αkx
k + · · ·+ α1x

Ck = Ck(P ) =
a+P
∑

x=a+1

e(f(x))

t1 = t1(k) ≥
1

4
k(k + 1) + lk

∫ 1

0

· · ·
∫ 1

0

|Ck|2t1dα1 · · · dαk ≤ (7t1)
4t1lP 2t1−

k(k+1)

2
+δ( P )2l

δ = δ(k) =
1

2
k (k + 1)

(

1− 1

k

)l



k ≥ 12 2 ≤ r ≤ k
∣

∣

∣

∣

αr −
h

q

∣

∣

∣

∣

≤ 1

q2
(h, q) = 1 1 ≤ q ≤ P r

P ≤ q ≤ P r−1

S =

p
∑

x=1

e(f(x))≪ P
1− 1

σ
k

+ε

σk = 2k2(2 k + k + 3)

80 1981

1942

1

A+ 1

∣

∣

∣

∣

∣

A
∑

a=1

a
∑

n=−a

x(n)

∣

∣

∣

∣

∣

≤ √p− AH√
p

1 ≤ A < p

p p

2 1770

k ≥ 2 k s = s(k)

s k

1900

G(k) s

N

N = xk1 + · · ·+ xk
s

(3)



xi (1 ≤ i ≤ s)

G(k) ≤ (k − 2)2k−1 + 5

s ≥ (k − 2)2k−1 + 5 3 rs,k(N)

rs,k(N) = S(N)
Γs(1 + 1

k
)

Γ( s
k
)

N
s

k
−1(1 + o(1)) (4)

S(N) N

1938

G(k) ≤ 2k + 1

s ≥ 2k + 1 rs,k(N)

∫ 1

0

∣

∣

∣

∣

∣

p
∑

x=1

e(αxk)

∣

∣

∣

∣

∣

2k

dα≪ P 2k−k+ε (5)

k 4 s ≥ 2k + 1

s ≥

2k (k ≥ 3) s ≥ 7
8
2k + 1 (k ≥ 6) k > 10

4 s ≥ [10k2 k] (k > 10)

s ≥ 2k2( k+ k+2.5) (k > 10)

1943

xk

k 1

i(x) (1 ≤ i ≤ s) s k



1937 1940 s ≥ 2k + 1 (1 ≤ k ≤ 10)

s ≥ 2k2( k + k + 2.5)

N = f1(x1) + · · ·+ fs(xs)

f(x) G(f) s

N

N = f(x1) + · · ·+ f(xs)

∂0f f 1940

G(f |∂0f = k) ≤ (k − 1)2k+1

G(f |∂0f = 3) ≤ 8

G(f) ≥ 2k − 1

f k k ≥ 5

3

rs,k(N) =
∫ 1

0
T (α)se(−Nα)dα

T (α) =
∑p

x=1
e(αxk)

P = [N
1

k ]

M m M k
q

m

s ≥ 2k + 1
∫

m

T (α)se(−Nα)dα = S(N)Γ
s(1 + 1

k
)

Γ( s
k
)

N
s

k
−1(1 + o(1))

s ≥ k + 1

2

xi (1 ≤ i ≤ s) 3



s ≥ 2k + 1 (k ≤ 10)

s ≥ 2k2( k + k + 2.5) (k > 10)

N = P k
1 + · · ·+ P k

s

P1

N(k) t

xk1 + · · ·+ xk
t
= yh1 + · · ·+ yh

t
1 ≤ h ≤ k (6)

xi yi x1 · · · xt

y1 · · · yt M(k) t 6

xk+1

1
+ · · ·+ xk+1

t 6= yk+1

1
+ · · ·+ yk+1

t

k + 1 ≤ N(k) ≤M(k)

1938

M(k) ≤ (k + 1)

([

[ (k+2)

2
]

(1 + 1

k
)

]

+ 1

)

∼ k2 k

M(k) < 7k2(k − 11) · (k +
3)/216

1952

t0

k 2 3 4 5 6 7 8 9 10

t0 3 8 23 55 120 207 336 540 885

k k ≥ 11

t0 [k2(3 k + k + 9)]

Rk,t(P ) 6

1 ≤ xi yi ≤ P 1 ≤ i ≤ t



t > t0

p→∞
P

1

2k(k+1)
−2t

Rk,t(P ) = c(k, t)

c(k, t) k t

3 q(n) n

1942

q(n) =
1√
2

∞
∑

k=1

2 6 |k

∑

(h,k)=1

0<h≤k

ωh,ke

(

−hn

k

)

· d

dn
J0

(

iπ

k
((n+

1

24
)
2

3
)
1

2

)

J0(x) 0

A(x) u2+ v2 ≤ x (u, v)

θ

A(x) = πx+O(xθ+ε)

ε > 0 O ε

θ = 1
2

1942

θ = 15
46

θ = 13
40

Q(
√
d)

d 1944 d >

e250 250 160

1959

∂2f(x, y)
∂x∂y

0 ≤ x y ≤ 1

∫ 1

0

∫ 1

0

f(x, y)dxdy − 1

Fn

Fn
∑

k=1

f

(

k

Fn

,

{

Fn−1k

Fn

})



≤ c 3Fn

Fn

(7)

Fn =
1√
5

((

1 +
√
5

2

)n

−
(

1−
√
5

2

)n)

(n = 1 2 · · · )

c 7

s

s > 2
Fn−1

Fn

(n = 1 2 · · · ) (

√
5− 1)
2

=

2 (2π
5
)

Q(2 ( 2π
m
)) (m ≥ 5)

2 18

1978

1953 1957

≥ 6

≥ 9

1937

1956

3 4

(3, 4)

(4, 4) 1957 (2, 3) 1963

(1, 4) (1, 2)

2



4

1950

K σ K a→
aσ σ

(a+ b)σ = aσ + bσ (aba)σ = aσbσaσ 1σ = 1

σ (ab)σ = aσbσ

(ab)σ = bσaσ

1949

6= 2

6= 2

1949

ab 6= ba

a = b−1 − (a− 1)−1b−1(a− 1)(a−1b−1a− (a− 1)−1b−1(a− 1)−1)

1950



5 1946

1948 6= 2

1951

GL2(K) SL4(K) PSL4(K)

K 6= 2 O+

4
(K, f) K

6= 2 f 2

SL2(K) PSL2(K) K 6= 2 SL4(K)

PSL4(K) K 6= 2

n n

n

n n

n

GLn(Z) PGLn(Z)

n ≥ 2 GLn(Z) SLn(Z)

SP2n(Z)

SP2n(Z)

1940 p p G



pn pn−α G α

G α p ≥ 3 n ≥ 2α + 1

G pm α (2α + 1 ≤ m ≤ n)

G pα pm (α < m < n−α− 1) G

≤ pm (α ≤ m ≤ n−α) pm+α

1945

1951

1 < n ≤ m K n × m

M − N M N

Z1 = PZσQ+ R (8)

P = P (n) Q = Q(m) R n×m σ

K m = n 8

Z1 = PZ ′τQ+R

τ K

6= 2 6= 2 3

1944 1946



1955

3

6 1935

16 27

R = {m× n Z I(m) − ZZ∗ > 0}
R = {n Z I(n) − ZZ∗ > 0}
R = {n Z I(n) − ZZ∗ > 0}
R = {Z = (z1, · · · , zn) ∈ n

|Z Z ′|2 + 1− 2Z Z ′ > 0 |Z Z ′| < 1}

Z I(m) m Z∗ Z

Z ′

1943

R 1944



1953

e(nθ) (n = 0 ± 1 · · · )

Cn



1954

R 2 − R

R ≥ −n

1977

1979

· · · · · ·

· · · · · ·

[1] 1983

[2] 1957

[3] 1957



[4]
1958

[5]
1963

[6] 1963

[7] 1963
1981 1984

[8]
1978

[9] 1977

[10]
1979

[11] 1981

[12] 1984

[13]
1983 634

635

[14]
1962 8

[15] L1 1988
99 117

[16]
1977

[17] 1984

[18]
1983 281 284

[19]
1 1986
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1924
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1932 10

1933

1936



1946

1947

1950

1955
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1966 1959 1977

x2 + y2 = r2 (x, y) r



k n F1 F2 · · · Fn

F1(x1, · · · , xn) = 0 F2(x1, · · · , xn) = 0 · · ·
Fn(x1, · · · , xn) = 0 k V

1937

n P n

n P n X

Fx

1939

1909



V (M) M D

V (M) T (D) V (M) D

I(D, x) x x ∈ M y ∈
I(D, x) α [0, T ] → M T ≥ 0

α(0) = x α(T ) = y

1947

1947 1948

1949

V p ∈ V g1

g2 · · · gn p B(p) V ∩ B(p) x

g1 g2 · · · gn

V n CP n



1950

1952 V r

F (V ) V F (V )

s r

s V ′ V V ′ T T

F (V ) F (V ′) V ′ T

V

s = r = 2

d g



X X ′

X X ′

1956

V n P n s

G(V, s) Gr(V, s)

Hr(V, s) s 1 n

Hr(V ) =
n

⊕

s=1

Hr(V, s)

Hr(V )

p X V

f X → V V C f−1(C) X

Y Z X

Z Z ′ Y Z ′

1970



p 10

11 12

A k B
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1957
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[1]

113 1937 692 704

[2]

114 1937 655 682

[3]
117 1939 98 105

[4]
50 1948 32 67

[5]
65 1949 130

140

[6]
71 194 893 914

[7]
74 1952 895 909

[8]

38 1952 719 725

[9]
64 1956 450 479



[10]
76 1954 463 476

[11]
78 1955 253 275

[12]
41 1955
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[13]

1957 122 128

[14]
86 115 130

[15]
80
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[16]
52 1977

[17]
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1970

1982



1989

1993

[1]
21 1942 289 368

[2]
35 1949 652

655 36 1950 31 35

[3]



37 1951 760 766

[4]
38

1952 121 126

[5]
56 1952 431 437

[6] 39
1953 42 47

[7]

38 1956 99 156

[8]
8 1957

617 622

[9]
142 1961 305 310

[10]
69 1963 773 777

[11] 259
1964 3925 3928

[12]
163 1966 189 203

[13] n
Sm

2 1967 588 602

[14]
187 1970 114 116

[15]

1972 103 113

[16]
179 1982 293 298

[17]



1990 358 370

[18]
1979

[19]
1979

[20]
1984

[21]

1984

[22]
1982

[23] 1
1982

[24]

1969

[25]
1991

[26]
1973 1974

[27] 1980

[28]

1985 1988



1916 4 30

2001 2 24



1916 4 30

2001 2 24

1916 4 30

1932 1936

1939

1940 1941

1956

1972

1958

1980

1956

1955

1955

1956

1958

1966



1938

0 1

3

1948

80

1949

1984



· · · · · ·

1 2

n

x1 x2 · · · xn p1(x1) p2(x2)

· · · pn(xn)

H = −K
n

∑

i=1

pi pi

K

2

10 e



X X p(x)

fn Xn → Un

U

V p(u v) p(u v) u

v

gn V n →
Xn

[x, p(x)]

x−→ f
u−→

[U, p(u|v), V ]
−→ g

x−→

C

H

C/H

C > H C

H

H − C

H − C

C > 0



ε > 0

R (0 < R < C) (a1, a2, · · · ,
an) R ε

1948

1948

1956

· · · · · ·



1959

1967

1980

[1]
27 1948 379 423 623 656

[2]
1949

[3]
1956

1963

[4]
1960 93
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[5]
2 1956 1 3

[6]
1980

[7]
19 1973 1 3 8

[8] 1988



1918 10 6

1974 4 11



1918 10 6

1974 4 11

1933

1936

1938



1938

1939 1

1939

1944

1949

1950

1950

1951

1951

1955 1956

1956



1957

1960 1961

1963

1962

1965

1966



1964

1965

1967

1967 1970



1971

1972 1973

1974

1973

1974 4 11

140 30



1953

1956



· · ·



1950

+ · =

X X p > p0

p0 X

0 X

p

1955

1956



1955

17

1927

1958

T T ′

T

1970 1963



· · ·
1973

ε − δ

1960

R∗ R

0



R∗ R

R

R R∗

R R

R∗ R

R∗ R

R∗ R

1966

1973



1975

1973



1975

1976

1976

1979

90 1500

1973



[1]
1951

[2]
1995

[3]
1956

1964

[4]
1956

[5]
1963

[6]
1966

1980

[7]

1975



[8]
1

1979

[9]
2

1979

[10]
3

1979

[11]
8 1976 3 307 323

[12] 1918 1974
25 1976



1933 5 22 1996 3 19



1933 5 22 1996 3 19

1947

1938 1948

1949 1953

1954

1957

1962 1977

1988 1978



1980 8

1958 1990

1982 1978 1979

302

−d < 0

n
∑

d=1

h(−d) = 4π

21ζ(3)
n

3

2 − 2

π2
n+R(n) (1)

ζ(s) =
∞
∑

m=1

1

ms
s > 1

R(n) 1917

1 1963



R(n) = O(n
2

3 ( n)6)

R(n) = O(n
2

3
+ε)

1963 u2 + v2 + w2 ≤ x P (x)

P (x) =
4

3
πx

3

2 +O(x
2

3 ( x)6),

P (x) =
4

3
πx

3

2 +O(x
2

3
+ε)

1958

G(k) =≤ k (3 k + 5.2)

1977

G(k) ≤ k(3 k + 4.2)

1964 g(5) = 37 1974 g(4) ≤
27 1985

g(5) = 37 g(4) ≤ 20 1986

g(4) = 19

1859 s = σ+ it

ζ

ζ(s) =
∞
∑

n=1

1

ns

ζ

(

1

2
+ it

)

= O(|t|α)



α

ε > 0

ζ

(

1

2
+ it

)

= O(|t|ε)

ζ

(

1

2
+ it

)

= O(|t|α( |t|)β)

α = 1
6

β = 1 1949 α = 15
92

+ ε 1964

74 α = 6
37

β = 1 1965

α = 6
37

β = 0

1988

α = 9
56

β = 2

1837

l k ≥ 1 kn + l

n = 1 2 · · ·
p(k, l) 1934

ε > 0 k

p(k, l) ≤ kl+ε

1944

c > 0

p(k, l) = O(kc)

1957 c ≤ 104 c ≤ 5448 1965



c ≤ 777 c ≤ 168

17 15 1989 c ≤ 13.5

1991 c ≤ 8

x > 0 (x − √x, x) 1921

ε > 0

x > 0 (x − x
1

2
+ε, x)

ε > 0 x > 0

(x−xε, x) Pm m

1920 x

P11 ∈ (x − √x, x] 1969

x P2 ∈ (x− x
6

11 , x] 1975

x P2 ∈ (x − √x, x] 1979

x P2 ∈
(x − x0.477, x]

1981 x

P2 ∈ (x− x0.45, x]

1742

≥ 6

≥ 9



1857

1 p p+ 2

1920

1937

E(x) x 1937

A

E(x) = O

(

x

( x)A

)

1972

c > 0

E(x) = O(xe−c
√

x)

1975 L

δ > 0

E(x) = O(x1−δ)

1979 δ > 0.01 1990

δ > 0.04 δ > 0.05



{a, b}
Pa + Pb {1, 1}

1920

1

{9, 9} 2 p′ p′+2

∑

p′

1
p′

1947

1941

{1, b}

R(x, η) =
∑

d≤xrη

µ2(d)
y≤x (l,d)=1

∣

∣

∣

∣

ϕ(y d, l)− y

ϕ(d)

∣

∣

∣

∣

1932 {1, b} 1948

η0 > 0 η < η0 A > 0



R(x, η) = O

(

x

( x)A

)

{1, b} b

1962 η0 = 1
3

{1, 5}

η0 = 1
3

{1, 4}

η0 b

{1, 3} 1962

1963 η0 = 3
8

{1, 4}

1965 η0 =
3
8

{1, 3}

η0 = 1
2

{1, 3}
1966 {1, 2}

1973 {1, 2} 1966

{1, 2}



Ω Ω

Ω

Ω

1972

{a · · · · · · } a

|{a · · · · · · }| a p p′

D(N) = |{a a = N − p, a = p′, p ≤ N, 2|N}|
Hk(N) = |{a a = p+ 2k, p ≤ N, a = p′}|
D(N, r) = |{a a = N − p, a = pr, p ≤ N, 2|N}|
Hk(N, r) = |{a a = p+ 2k, p ≤ N, a = pr}|

m

C(m) =
∏

p>2

(

1− 1

(p− 1)2

)

∏

λ<p|m

p− 1

p− 2

C0 = C(1) = C(2) =
∏

p>2

(

1− 1

(p− 1)2

)

1978

1 N

D(N, 2) > 0.81C(N)
N
2N

(2)

H1(N, 2) > 0.81C0

N
2N

(3)



3 1986

3 0.81 1.42

2.03

≈ 0.00168 · · ·

D(N)

1871 1922

D(N) ∼ 2C(N)
N
2N

(4)

Hk(N) ∼ 2C(N)
N
2N

(5)

1961 4

N 5 k

1949

D(N) ≤ α0C(N)
N
2N

(6)

H1(N) ≤ β0C0

N
2N

(7)

α0 β0 ≤ 16 + ε ε 1948

1964

α0 β0 ≤ 12 + ε 1962



β0 ≤ 8+ ε

1966 1969

α0 β0 ≤ 8+ ε 1978

{1, 2} 8

2 N

α0 β0 ≤ 7.8342 + ε

1980

α0 β0 ≤ 7.932 + ε

1983 β0 ≤ 68
9

+ ε

1984 β0 ≤ 128
17

+ ε 1986

β0 ≤ 7+ ε

β0 ≤ 6.908 + ε

α0

[1] 1978
1982 1989

[2] 1984

[3] 1987

[4] 1989

[5] G(k) 8
1958 2 253 257

[6] g(5) = 37 13
1964 1547 1568

[7] ζ(1
2
+it) 15 1965 2

159 173



[8] 12 1963
633 649

[9]

12 1963 751 764

[10]
17 1966 9 385 386

1973 2 111 128
1978 5 477 494

[11]
18 1975 5 611 627 22 1979 3 253

275

[12]
21 1978 6 701 739

[13]
L

20 1977 5 529 562 22 1979 8 859
889 32 1989 6 654 673

[14]
23 1980 4 416 430 26 1983

714 731

[15]
1963

[16] 1987

[17] 1981

[18] G(n)
49 1985 5 935 947

[19]

303 1986 4 85 88
303

1986 5 161 163



[20] ζ( 1
2

+ it)

4 13 1986 3 449 472
4 13 1986 3 473 486

[21]
370 1986 101 126

[22]
57 1988 3 1 24

[23]
29 1988 1 60 93

[24] N − p, p+2
42 1984 5 430 438

[25]
33 1988 15 1238 1240

[26]
19 1989 1 38 50

[27]
7 1991 279 289
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