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√
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√
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√
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f(x) f1(x) f2(x) · · · fm−1(x) C = fm(x)
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u u u
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23 31
(
dP(u)
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∑
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1
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)
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∑
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1
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∑
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n∑

j=1

∫
xj

a2j−1

Fk(x)√
R(x)

dx = uk (k = 1 2 · · · n)
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n

R(x) =
2n∏
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∏
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dt

F 11

(t0, t1)

∂F
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∂y′
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x y t
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3
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∂x′

(x, y, p, q)p

− ∂F
∂y′

(x, y, p, q)q

p q p q
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q q E 22
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[4] 1 1 67 74

[5]
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[12]
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[14]
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[15]
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X
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0

X Y Z
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x1 = x x0 = x′ XA = xa1
1
· · · xan

n

f(X) =
∑

Af(A)XA f(A) ≡ 1 f(x)

3 f1(X) f2(X) f1(X) =
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⊕
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x
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π(x)
∫ x
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dx
x x→∞
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x/ x
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1
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x/ x

x→∞

π(x)
x/ x

= 1
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1888
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1849
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x > 1247689 x
x− 1.08366

∫ x

2

dx
x

1850

0.92129 · · · <
π(x)
x/ x

< 1.10555 · · ·

Θ(x) =
∑

p≤x

p Φ(x) =
∑

n≤x

Λ(n)

7
2

x x 2x − 2
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1854

f(x) g(x)

a1 a2 · · · an

x
|f(x) − g(x, a1, a2, · · · , an)|

ai



g(x) g(x)

Tn(x) = (n · x)

(−1, 1)

1

2n−1
Tn(x) =

1
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n
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·
xn−2

22
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2!
·
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24
−
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3!
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+ · · ·
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A

f(x)dx = c0
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∣
∣
∣
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∣
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∣
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∣
∣
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∣
∣
∣
∣
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M I M
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xn − A0x
n−1 + · · ·+ (−1)n|M | = 0
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M x

1841∣
∣
∣
∣
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∣
∣
∣
∣
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∣
∣
∣
∣
∣
∣
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1 e1 e2
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e2i = −1 eiej = −ejei i j = 1 2 · · · 7

i 6= j

e1e2 = e3 e1e4 = e5 e1e6 = e7

e2e5 = e7 e2e4 = −e6

e3e4 = e7 e3e5 = e6
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e2e3 = e1 e3e1 = e2
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f

f f

F (x, x) =
3∑

i,j=1

aijxixj aij = aji i j = 1 2 3



F (x, y) =
3∑

i,j=1

aijxixj

F (x, x) = 0

G(u, u) =
3∑

i,j=1

Aijuiuj = 0

Aij F aij

x = (x1, x2, x3) y = (y1, y2, y3)

δ =
F (x, y)

[F (x, x)F (y, y)]1/2

u = (u1, u2, u3) v = (v1, v2, v3)

φ

φ =
G(u, v)

[G(u, u)G(v, v)]1/2

(1, i, 0) (1, −i, 0)
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n

n

n

n

n
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θ
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n

1843
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1869 1871
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1854 1859

θ x y z · · ·
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z′ · · · θ

θ φ · · · θφ

θφ
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1 α β · · ·



θn = 1 1854 1858
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· · · · · ·
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x1 x2 · · · xn
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n
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f

f f(x) x

n cn n f

f ≤ cndf
1/n cn = ( 4

3
)(n−1)/2 cn
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n ≤ 8 cn rn r1 = 1 r2
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= 4

3
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= 2

n > 8 rn

2
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x5 + px+ q = 0 (1)

n xn−1 xn−2
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1 1858
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2

{Hn(x)}
∞

n=0

Hn(x) = ex
2 dn

dxn
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2

1

H̃n(x) =
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1

2

)
n

Hn(x)
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(−1)n

√√
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Hn(x)
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n+ 1

2
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4 e
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n = 2 3 · · ·
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w dw
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q
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∑
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∂u
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f(Z, W ) = 0

p
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µ

µ− p + 1 m

L

L ≥ µ− p+ 1

1954



3

p X ω1 · · ·

ωp X 2p r1 · · · r2p
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(∫

rj

ω1, · · · ,

∫
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ωp
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Π1
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θ θ
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∑
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√
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√
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√
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√
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∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣ <
√
q q (7)

χq(a) ∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣≪
√
q q (7∗)

1977

∣∣∣∣∣
∑
a≤N

χq(a)

∣∣∣∣∣≪
√
q q (7.1)

1932

χqj (j = 1 2 · · · )

N

∣∣∣∣∣
∑
a≤N

χqj(a)

∣∣∣∣∣ ≥
1
7

√
q
j

qj,

(7∗) 7.1

n2(p) > 1 p 1919

7

n2(p) ≤ p
1

2
√

e ( p)2

ε > 0 n2(p) = O(pε) ε > 0

r∗
2
(p) = O(pε) r∗

2
(p) p

1952

n2(p) = O( 2 p) 1967



a b c

f(x, y) = ax2 + bxy + cy2
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∑
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1 q f(x)

f(x) = akx
k + · · · · · ·+ a1x

(ak, · · · , a1, q) = 1

S(q, f(x)) =

q
∑

x=1

e(
f(x)

q
) e(x) = e2πix

f(x) = x2 S(q, x2)

|S(q, x2)| = q
1

2

S(q, f(x)) 1940



|S(q, f(x))| = O(q1−
1

k
+ε) (1)

ε O k ε 1938

1 O f(x)

ai (1 ≤ i ≤ k) qε

1 |S(pk, xε)| = pk(1−
1

k
) p

p 6 | k
1 n K

p
∑

k=1

e

(

hxk

q

)

=
p

q

q
∑

x=1

e

(

hxk

q

)

+O(q
1

2
+ε) (2)

f(x) = αkx
k + · · ·+ α1x

Ck = Ck(P ) =
a+P
∑

x=a+1

e(f(x))

t1 = t1(k) ≥
1

4
k(k + 1) + lk

∫ 1

0

· · ·
∫ 1

0

|Ck|2t1dα1 · · · dαk ≤ (7t1)
4t1lP 2t1−

k(k+1)

2
+δ( P )2l

δ = δ(k) =
1

2
k (k + 1)

(

1− 1

k

)l



k ≥ 12 2 ≤ r ≤ k
∣

∣

∣

∣

αr −
h

q

∣

∣

∣

∣

≤ 1

q2
(h, q) = 1 1 ≤ q ≤ P r

P ≤ q ≤ P r−1

S =

p
∑

x=1

e(f(x))≪ P
1− 1

σ
k

+ε

σk = 2k2(2 k + k + 3)

80 1981

1942

1

A+ 1

∣

∣

∣

∣

∣

A
∑

a=1

a
∑

n=−a

x(n)

∣

∣

∣

∣

∣

≤ √p− AH√
p

1 ≤ A < p

p p

2 1770

k ≥ 2 k s = s(k)

s k

1900

G(k) s

N

N = xk1 + · · ·+ xk
s

(3)



xi (1 ≤ i ≤ s)

G(k) ≤ (k − 2)2k−1 + 5

s ≥ (k − 2)2k−1 + 5 3 rs,k(N)

rs,k(N) = S(N)
Γs(1 + 1

k
)

Γ( s
k
)

N
s

k
−1(1 + o(1)) (4)

S(N) N

1938

G(k) ≤ 2k + 1

s ≥ 2k + 1 rs,k(N)

∫ 1

0

∣

∣

∣

∣

∣

p
∑

x=1

e(αxk)

∣

∣

∣

∣

∣

2k

dα≪ P 2k−k+ε (5)

k 4 s ≥ 2k + 1

s ≥

2k (k ≥ 3) s ≥ 7
8
2k + 1 (k ≥ 6) k > 10

4 s ≥ [10k2 k] (k > 10)

s ≥ 2k2( k+ k+2.5) (k > 10)

1943

xk

k 1

i(x) (1 ≤ i ≤ s) s k



1937 1940 s ≥ 2k + 1 (1 ≤ k ≤ 10)

s ≥ 2k2( k + k + 2.5)

N = f1(x1) + · · ·+ fs(xs)

f(x) G(f) s

N

N = f(x1) + · · ·+ f(xs)

∂0f f 1940

G(f |∂0f = k) ≤ (k − 1)2k+1

G(f |∂0f = 3) ≤ 8

G(f) ≥ 2k − 1

f k k ≥ 5

3

rs,k(N) =
∫ 1

0
T (α)se(−Nα)dα

T (α) =
∑p

x=1
e(αxk)

P = [N
1

k ]

M m M k
q

m

s ≥ 2k + 1
∫

m

T (α)se(−Nα)dα = S(N)Γ
s(1 + 1

k
)

Γ( s
k
)

N
s

k
−1(1 + o(1))

s ≥ k + 1

2

xi (1 ≤ i ≤ s) 3



s ≥ 2k + 1 (k ≤ 10)

s ≥ 2k2( k + k + 2.5) (k > 10)

N = P k
1 + · · ·+ P k

s

P1

N(k) t

xk1 + · · ·+ xk
t
= yh1 + · · ·+ yh

t
1 ≤ h ≤ k (6)

xi yi x1 · · · xt

y1 · · · yt M(k) t 6

xk+1

1
+ · · ·+ xk+1

t 6= yk+1

1
+ · · ·+ yk+1

t

k + 1 ≤ N(k) ≤M(k)

1938

M(k) ≤ (k + 1)

([

[ (k+2)

2
]

(1 + 1

k
)

]

+ 1

)

∼ k2 k

M(k) < 7k2(k − 11) · (k +
3)/216

1952

t0

k 2 3 4 5 6 7 8 9 10

t0 3 8 23 55 120 207 336 540 885

k k ≥ 11

t0 [k2(3 k + k + 9)]

Rk,t(P ) 6

1 ≤ xi yi ≤ P 1 ≤ i ≤ t



t > t0

p→∞
P

1

2k(k+1)
−2t

Rk,t(P ) = c(k, t)

c(k, t) k t

3 q(n) n

1942

q(n) =
1√
2

∞
∑

k=1

2 6 |k

∑

(h,k)=1

0<h≤k

ωh,ke

(

−hn

k

)

· d

dn
J0

(

iπ

k
((n+

1

24
)
2

3
)
1

2

)

J0(x) 0

A(x) u2+ v2 ≤ x (u, v)

θ

A(x) = πx+O(xθ+ε)

ε > 0 O ε

θ = 1
2

1942

θ = 15
46

θ = 13
40

Q(
√
d)

d 1944 d >

e250 250 160

1959

∂2f(x, y)
∂x∂y

0 ≤ x y ≤ 1

∫ 1

0

∫ 1

0

f(x, y)dxdy − 1

Fn

Fn
∑

k=1

f

(

k

Fn

,

{

Fn−1k

Fn

})



≤ c 3Fn

Fn

(7)

Fn =
1√
5

((

1 +
√
5

2

)n

−
(

1−
√
5

2

)n)

(n = 1 2 · · · )

c 7

s

s > 2
Fn−1

Fn

(n = 1 2 · · · ) (

√
5− 1)
2

=

2 (2π
5
)

Q(2 ( 2π
m
)) (m ≥ 5)
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4

1950

K σ K a→
aσ σ

(a+ b)σ = aσ + bσ (aba)σ = aσbσaσ 1σ = 1

σ (ab)σ = aσbσ

(ab)σ = bσaσ

1949

6= 2

6= 2

1949

ab 6= ba

a = b−1 − (a− 1)−1b−1(a− 1)(a−1b−1a− (a− 1)−1b−1(a− 1)−1)

1950



5 1946

1948 6= 2

1951

GL2(K) SL4(K) PSL4(K)

K 6= 2 O+

4
(K, f) K

6= 2 f 2

SL2(K) PSL2(K) K 6= 2 SL4(K)

PSL4(K) K 6= 2

n n

n

n n

n

GLn(Z) PGLn(Z)

n ≥ 2 GLn(Z) SLn(Z)

SP2n(Z)

SP2n(Z)

1940 p p G



pn pn−α G α

G α p ≥ 3 n ≥ 2α + 1

G pm α (2α + 1 ≤ m ≤ n)

G pα pm (α < m < n−α− 1) G

≤ pm (α ≤ m ≤ n−α) pm+α

1945

1951

1 < n ≤ m K n × m

M − N M N

Z1 = PZσQ+ R (8)

P = P (n) Q = Q(m) R n×m σ

K m = n 8

Z1 = PZ ′τQ+R

τ K

6= 2 6= 2 3

1944 1946
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3

6 1935

16 27

R = {m× n Z I(m) − ZZ∗ > 0}
R = {n Z I(n) − ZZ∗ > 0}
R = {n Z I(n) − ZZ∗ > 0}
R = {Z = (z1, · · · , zn) ∈ n

|Z Z ′|2 + 1− 2Z Z ′ > 0 |Z Z ′| < 1}

Z I(m) m Z∗ Z
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1943

R 1944



1953

e(nθ) (n = 0 ± 1 · · · )

Cn
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R 2 − R

R ≥ −n

1977

1979

· · · · · ·

· · · · · ·

[1] 1983

[2] 1957

[3] 1957



[4]
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[5]
1963
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[8]
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[14]
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[15] L1 1988
99 117

[16]
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Fx
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V (M) M D

V (M) T (D) V (M) D

I(D, x) x x ∈ M y ∈
I(D, x) α [0, T ] → M T ≥ 0

α(0) = x α(T ) = y
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1947 1948

1949

V p ∈ V g1

g2 · · · gn p B(p) V ∩ B(p) x

g1 g2 · · · gn
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V
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X X ′
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V n P n s
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n

⊕
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p X V
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Y Z X
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[4]
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Rn 1 GL(n, R)

G 2 Rn n θ1 · · · θn

Rn

{θi} {θ∗
i
} Rn ϕ Rn

G (aij)

ϕ∗(θ∗
i
) =

∑

i

aijθj

1 2 G

O(n) ds2 n θi

d2
s
=

∑

i

θ2
i

G

G

G



· · ·
· · ·

n M

G M GL(n, R) G

G π P → M P

θ = (θ1, · · · , θn) P n

ωi ωi|θ = π∗(θi) V dπ V

TP ωi V G

P θ

Vθ G L(G) G

P G TP V

G H H TP

V P L(G)

ω Rg g ∈ G P

H G ω

R∗
g
(ω) = (g−1) · ω G L(G)

ω L(G) L(GL(n, R)) ω

n × n i j ωij P



σ [0, 1]→M M p q σ̃θ

P θ σ πσ

Pp Pq πσ(θ) = σ̃θ(1) πσ

σ σ

ω σ ω

ω H ω

dωij =
∑

k

ωki ∧ ωkj Ω

ω dω = ω ∧ ω − Ω ω

Ω Ω

dΩ = Ω ∧ ω − ω ∧ Ω P θ U → P

θ̂ P U

g U → G θ̂(x) = Rg(x)θ(x)

ϕ = θ∗(ω) ϕ̂ = θ̂∗(ω) Ψ = θ∗(Ω) Ψ̂ = θ̂∗(Ω)

ϕ̂ = dg · g−1 + g · ϕ · g−1
Ψ̂ = g ·Ψ · g−1

G G {e} e

G

M G

{e} G

P P

G

ϕ

(M, g) (M, g∗) {ei}
P p∗ = ϕ(p) e∗

i
= dϕ(ei)

xk M ei g g∗



g

P

N(G) G ∝ Rn G

G P

N(G) N(P ) 1 43

N(P ) N(G)

N(G) Ω L(N(G))

L(N · (G)) = Rn + L(G) Ω Ω

Rn τ

τ N(G)

τ = 0 N(O(n)) 1

43 L(G) C

N(G) G

L(G) C

G G (π P → M)

P M

G

P

G n = 2m

G = GL(m, C) G

1 6 1

13 G

R2 G

1 10 1 11 n

1 23 Rn k

(k + 1) (n − k) 1 20 1 21
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1 107 Cn

Rn G

S

· · · S G/H

G S

1 84 C

∫

n(l ∩ C)dl = 2L(C)

n(l ∩ C) l C dl

L(C) C

C

1 18

G

G/H, G/K aH ∈ G/H bK ∈ G/K

aH ∩ bK 6= φ aH bK

1 48 1 84 Rn



Tρ Rn k X ρ

V (Tρ) =
∑

0≤i≤k

i

ciµi(X)ρm+i

ci m = n − k i µi(X) =
∫

M
Ii(Ω) Ii

i
2

O(n) Ω

X

∫

µe(M1 ∩ gM2)dg =
∑

0≤i≤e

i

ciµi(M1)µe−i(M2)

M1 M2 Rn p q e 0 ≤
e ≤ p+ q − n, ci n p q e

· · ·
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M v(M) u p

v v(u) = 〈 (u), v〉 M

u v σ p

s ∇v(s) ds v(M)

v = 〈 , v〉 v v

Av M v

1

Rn

( ) = 0 Rn M Gr(2, n)

Rn Rn

M G M Gr(2, n)
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CP n−1 z21 + · · · + z2
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= 0

Rn V e1 + ie2

(e1, e2) V Gr(2, n)

Rn

1 79 Rn

G

n = 4
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Rn
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m m
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[m(m+ 1)]

2

1929 α(s) R3

s k(s)

∫

|k(s)|ds ≥ 2π

α

α

4π

1 62 1 66

Rn f M → Rn m M

Rn v1(M) M dv v1(M)

N v1(M) → Sn−1 x ∈ M

v N(v) da

Sn−1 G N∗(da) = Gdv

G(v) M v Av



f τ(M, f) N

τ(M, f) =
1

cn−1

∫

v1(M)

| (Av)|dv

cn−1 Sn−1

1 62 τ(M, f) ≥ 2

M Rn (m + 1)

1 66 M

τ(M, f)

τ(M) M

f M → Rn τ(M, f) = τ(M) f

M γ M

τ(M) = γ M Rn

γ

Rn M

γ

Rn M ε Mε

M Sn

Sn M

Mε Sn
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1 143



· · · · · ·

M

χ(M)

K χ(M) = 1
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∫

M
KdA

n

n = 2 M

SO(n) L(SO(n))

n SO(n)



F (M) n (ωi)

(ωij) (ωij = −ωji) dωi =
∑

ωij ∧ ωj

(ωi) Rijkl

Ωij =
1

2

∑

Rijklωk ∧ ωl

n = 2 L(SO(2)) ω11 = ω22 = 0 ω12 =

−ω21 dω12 = −Ω12 = −R1212ω1 ∧ ω2

π−1(x) R1212 M

K(x) (θ1, θ2) M M

dA = −θ1 ∧ θ2

π∗(KdA) = dω12 (∗)

1 136 (∗)
(∗)

n

π F (M) M
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F (M) (∗)
M M

M p M ′

e1 p χ(M)

e2 M ′ e1 (e1, e2) M

θ π · θ M

d(θ∗(ω12)) = θ∗(dω12) = KdA
∫

M

KdA =

∫

M ′
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∫

M ′

d(θ∗(ω12))



Mε M p ε S =

∂Mε

∫

M ′

d(θ∗(ω12)) =
ε−0

∫

Mε

d(θ∗(ω12)) =
ε−0

∫

sε

θ∗(ω12)

xk M p (ê1, ê2)

α(x) = ∠(e1(x) ê1(x)) e1 p

(2π)−1
∫

sε
dα ρ(α) ∈ SO(2) R2

α θ̂ θ g U → SO(2)

g(x) = ρ(α(x)) θ∗(ω12) = dα + θ̂∗(ω12)
∫

sε

θ∗(ω12) =

∫

sε

dα +

∫

sε

θ̂∗(ω12)

ε → 0

n

M M

F (M)

Ωij Λ M

π M λ

Λ = π∗λ
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2

{Xij 1 ≤ i < j ≤ n}

X n (i, j) Xij(i < j)

g ∈ SO(n)

(g)X = gXg−1

(i, j)
∑

k,l

gikXklgjl ∈ R g ∈ SO(n) P ∈ R

( (g)P )(X) = P ( (g)X) SO(n) R



R R SO(n)

Ωij

P ∈ R Ω X P d

P (Ω) F (M) 2d

θ U ⊂ M θ U →
F (M) Ψ = θ∗(Ω) θ∗(P (Ω)) = P (θ∗(Ω)) =

P (Ψ) θ̂ θ g U → SO(n)

Ψ̂ = (g)Φ P (Ψ̂x) = P ( (g(x))Ψx) =

( (g(x))P )(Ψx) P (Ψ) M

θ P ∈ R P (Ψ) M

θ P (Ψ)

π∗(P (Ψ)) = P (Ω)

n n

λ
∫

M
λ = cnχ(M) cn

n χ(M) = 0

n = 2k

k P λ = P (Ψ)

SO(n) P
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M

M

1 25



S(M) M r S(M) → M

F (M) θ e1(θ) θ

e1 F (M) S(M) π = r · e1
λ = (Ψ), Λ = r∗(λ) 1 25 Λ

S(M) (n − 1) Θ

dΘ = Λ Θ

M ′ M p ξ S(M) M ′

d(ξ∗(Θ)) = λ

∫

M

λ =
ε−0

∫

sε

ξ∗(Θ)

Θ

M

1 25 n
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Rg(x) = xg g 6= e Rg P G P

G π P → X P

G X P G P/G G

x G P P

G σ X → P π ·σ = id σ P

G πi Pi → X G

ϕ P1 → P2 π1 = π2 ·ϕ P = X×G

G P Rg(x, h) = (x, hg) π(x, h) = x

G x → (x, e)

G

G(X) X G P [P ]

π P → X G f Y → X

f∗(P ) f = {(p, y) ∈ P ×
Y π(p) = f(y)} G Rg(p, y) = (Rg(p), y)

f∗ f∗ G(X)

G(Y ) π P → X G π∗(P )

P G G P

p → (p, p) π∗(P ) π∗(P )

f Y → X

f∗ G(X) → G(Y ) f [f ]

G( )

H∗( )

G( ) H∗( )

c

X G P H∗(X)

c(P ) f Y → X



c(f∗(P )) = f∗(c(P )) (G) G

H∗(X) (G)

G

G

G π̂ P̂ → Z G X

G P f X → Z [f ]

[f ∗(P̂ )] = [P ] G

UG → BG G

[X, BG] X BG G(X)

[X, BG] BG G UG
BG

π P → X G h X → BG

[h∗(UG)] = [P ] h [h]

(G) = H∗(BG)

c ∈ H∗(BG) c(P ) = f∗(c) f P

1935 1950
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e = (e1, · · · , en) V (n, N + n) O(n)



e e1 · · · en

Gr(n, N + n)

π V (n, N + n) → Gr(n, N + n) O(n)

N ≥ k + 1

≤ k O(n) 1 43

k BO(n)

π V (n, ∞) → Gr(n, ∞)

U(n) Sp(n)

G G → O(n)

V (n, N + n) G V (n, N + n)/G ≤ k

G

(SO(n))

e M n e(F (M))

Hn(M) M χ(M)

λ = (Ψ) e(F (M))
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Z
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P P

π P → M M U(n) P



L(U(n)) ω ω

ωij ωij = −ωji Ω = (Ωij)

Ωij = −Ωji

R L(U(n)) Q ∈ R
Q(Ω) M Q(Ψ)

Q(Ψ) [Q(Ψ)] ∈
H∗(M) ω′ P Ω′ M

Q(Ψ′) π∗(Q(Ψ)) = Q(Ω′)

Q(Ψ′) Q(Ψ) Q̂(P ) =

[Q(Ψ)] = [Q(Ψ′)] M

h M ′ → M P M U(n)

ω P P ω Ω h

M ′ Q(h∗(P )) = h∗(Q(P )) Q Q̂ R
(U(n))

L(U(n)) R z

n σk(z) (z + tI) tn−k

σk(z) ∈ R σk(z) z k

σ1(z) = (z) σn(z) = (z) P (t1, · · · , tn) ∈
C[t1, · · · , tn] t1 · · · tn

P (σ1(z), · · · , σn(z)) ∈ R P (t1, · · · , tn) → P (σ1(z),

· · · , σn(z)) C[t1, · · · , tn] R

rk(z) = σk(
z
2π

) ck = r̂k k

(U(n)) c1 · · · cn

F (z) =
∞
∑

r=0

Fr(z) Fr r



r Êr Ê

E(z) = ( ( z
2π

)) = Ê

U(n)

R (G)

BG

1974

1 103

π P → M G ω, Ω Q

L(G) l

M 2l Q(Ψ) π∗(Q(Ψ)) = Q(Ω)

Ω̂(P ) ∈ H2l(M) [Q(Ω)] = [π∗(Q(Ψ))] =

[Q(π∗(Ψ))] = Ψ(π∗(P )) P π∗(P )

Q̂(π∗(P )) = 0 Q(Ω)

Ω ω P (2l − 1)

TQ(ω) dTQ(ω) = Q(Ω) TQ(ω)

TQ(f∗ω) = f∗(TQ(ω)) 2l > n

Q(Ω) = 0 TQ(ω) [TQ(ω)] H2l−1(P )

2l > n + 1 [TQ(ω)] ω

2l =

n+ 1 [TQ(ω)] ω

G = GL(n) Qk (X + tI) =
n
∑

i=0

Qi(X)tn−i

Q = Q2k−1 P M

ω [TQ(ω)]

H∗(P )



1 92

n X E

∂ ∂̄

cn(E) i∂∂̄

1 4 1978 1989

1989

1 25 1

30 1

[1]
1978 1989

[2]



1989

[3]
1979

1980



1912 6 23

1954 6 7



1912 6 23

1954 6 7

1926

1927

1930 1931

1931

1935



1936 5

1937

42

0 1

1937

λ λ

1936 9

1938

1939

1938

1939



1945

1945

50

27

1972 1950

1958

1948

1950

1947 1950

1956

1951 1952



1951

1 3

3 1947

15

1954 6 7

1

1 = 1609.344
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1934

1936

λ

λ



S0

qiaRqj qiaLqj qiabqj

qi a

b a

b a b S0

1937

λ

λ

λ



2



1937

1939

1914

(A1, B1), · · · , (An, Bn) R S

1947

1950

3



1946

1943

1500

10

1946 5000

1945

1945



1972

1972

4

1947

1959

1969



1969

1950

1956

5



[1]
42 1937 2 230

265 43 1937 544 546

[2] λ
2 1937 153 163

[3]
45 1939 2 161 228

[4] 59
1950 433 460

5
1956

[5] 1959
1987

[6] 1958

[7]
1952

1984 1985

[8] 1985

[9]
1987

[10] 4 1983
56 67



1913 9 2

2009 10

5



1913 9 2

2009 10

5

n p

1930 2

1931

1932



1935

1940

4

1 1 172 174

1943

1967

1992

7

6 16

8 6

9 23



18 1987 1989

167

1953 1984

1966 1970

1978

1954

1962 1970

R

R R

R R



R

R x x − ζe e R

R ζ x

R

x

x x x

n→∞

n

√

‖xn‖

c∗ c∗

x → x∗ (x + y)∗ = x∗ + y∗ (xy)∗ = y∗x∗

(λx)∗ = λx∗ (x∗)∗ = x ‖x∗x‖ = ‖x‖2

c∗ c∗



c∗

c∗

c∗ c∗

G L1(G)

L1(G) f f̂

L1(G) I L1(G)

f ∈ L1(G) G χ f̄(χ) 6= 0 G

G

H T G U H

Tu(u ∈ U)



1943 7

1944 1948

1 2 41 137 8 10

SL(2, )

SL(2, )

SL(2, )

1947

SL(2, )

n

G = SL(n, )

1
2
n(n − 1)

z z

H g ∈ G Tgf(z) = f(zg)α(zg)

G H Tg α Tg1g2 = Tg1Tg2 Tg

H



k SL(2, k)

SL(2, k)

3

1

1 2 450 456 2 2

GX

X G

GX X

X ≥ 4

X = 3 X = 1

G

1952

1 2 321 337

G G/Γ Γ G

14 1959 171

194 12 2

G/Γ U U

1 2 613

630



1 2

X λ1 · · · λk

M = M(λ) = M(λ1, · · · , λk) X

f(x) f I(λ) =
∫

M(λ)
f(x)dx

I(λ) f(x)

λ Cn

X G

g ∈ G G X f(x) E

Tgf(x) = f(xg)

X n

X G X

G

X ′ G X ′ E ′

ϕ(M) =
∫

M
f(x)dx (M ∈ X ′)

E f E ′ ϕ



1953

8 1953) 3 54

1958 1966



1948

1968

M n u(M) M

q

Hq(u(M) ) 0 ≤ q ≤ n M

S1 H∗(S1) =
∑

q

Hq(u(S1) )

n Wn

Xn q n Hq(Wn )

Hq(Xn ) H∗(Wn )

Xn

0 < q ≤ 2n q > n(n + 2)

Wn

(0, +∞) y′′+(λ−q(x))y =
0 y(0) = 1 y′(0) = h q(x)

ρ(λ)



1951 ρ(λ)

ρ(λ)

q(x)

ρ(λ)

q(x)

[0, π] y′′ + (λ − q(x))y = 0

q(x)
∫ π

0
q(x)dx = 0 y′(0) − hy(0) = 0

y′(π) +Hy(π) = 0 {λn}
∞
∑

n=1

(λn − µn) =
1

4
(q(0) + q(π))

{µn} y′′+µy = 0

y(0) = y(π) = 0

∞
∑

n=1

(λn − n2) =
1

4
(q(0) + q(π))

1 1 457 461

1960

1 1 65 75 1945 1946



k

(D2 + q)s+

(

s = k +
1

2

)

D2 + q (D2 + q)s s (D2 + q)s+
D

1958

1 3 686 702

1 1969 167 176 2 1970 581

586 3 1971 375 383



2 1971 138

144 13 1971 1362 1377

1 3 617 647

1 3 648 670

1 3 529 533 2

1971

6



1 3 26 1992 304

309

11 1976 277 283

1986

1 3 877 881

1 3 1025

33

7 206

50 2 20 49 5 10

19 22 5 9 21

1958



1944

1990

1962

S S



· · ·

[1]
1987 2 1988 3 1989

[2]

1961
1962

1966
1965

1985
1983

1965

[3]
4 46 1938 2 235 286 1 1 113 162

[4]
23 1939 5 430 432 1 1 169 171

[5] 9 51
1941 1 3 24 1 1 181 201

[6]
12 54

1943 2 197 217 1 1
241 257

[7]
13 55 2 3 301

316 1 2 3 26

[8]
36

1950



[9]

15 1951 309 361 1 1 405
456

[10]
1954

253 276 1 1 3 26

[11]

8 1959 321 390 1 2
338 416

[12]
1962

74 85 1 1 76 87

[13]

1970 1 95 111
1 1 88 104

[14]
19 1964

3 187 206

[15]
29 1974

1 193 264

[16]
38

1983 137 152

[17]
1 1989 3 12

9 1990 4 340 346

[18]
4 1985 4 322 328



[19]
1 1 831 836

[20]
11 1989 2 16 28

10
1991 2 143 157
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1914 9 19 2010 3 22

1879 1947

1929

1932

1932

1935

1960



1936 1938

1939

1941

1945

1946

1945 1947

1947

1960



1965

1964 1978 1984

1960

1993

1985

1989

1990 5 1990

1992 5

1993

1947 1981

1988

1989

5



1993 5

1 1

2

3

4

A A∗A



A B

Sk(A) A k

n
∑

k=1

Sk(A+B) ≤
n
∑

k=1

Sk(A) +
n
∑

k=1

Sk(B)

Sm+n+1(A+B) ≤ Sm+1(A) + Sn+1(B)

Sm+n+1(AB) ≤ Sm+1(A) · Sn+1(B)

S

S

A

λ1 ≥ λ2 ≥ · · · ≥ λn n

n
∑

k=1

λk =
n

∑

k=1

(AXk, Xk) n = 1 2 · · ·

n (x1, x2, · · · , xn)

A1 A2 · · · An H

∣

∣

∣

∣

n
∑

i=1

(U1A1 · · ·UmAmxi, xi)

∣

∣

∣

∣

=
n
∑

i=1

Si(A1)Si(A2) · · ·Si(Am)
∣

∣

∣

∣

1≤i,k≤n

(U1A1 · · ·UmAmxi, xk)

∣

∣

∣

∣

=
n
∏

i=1

Si(A1)Si(A2) · · ·Si(Am)



(x1, x2, · · · , xn)
U1 U2 · · · Um Si(A) i

m = 2 H n

m = 1

r > 0

n→∞
n′Sn(A) = a

n→∞
n′Sn(B) = 0

n→∞
n′Sn(A+ B) = a

F x F (x) = x

f(x) = 0 F (x) = f(x) + x

1912

n

n

1952

X C X T

C x C T (x) T

x ∈ T (x)



x y

m
∑

i=1

n
∑

j=1

aijxiyj =
y x

m
∑

i=1

n
∑

j=1

aijxiyi

aij
x

x (x1, x2, · · · , xm) xi ≥

0
m
∑

i=1

xi = 1
y

X Y A B X Y

f A× B

y ∈ B f(x, y) A

x ∈ A f(x, y) B

x y
f(x, y) =

y x
f(x, y)

1953 7

23

1972

K F K ×K

1 y ∈ K F (x, y) x



2 x ∈ K F (x, y) y

3 y ∈ K F (y, y) ≤ 0

x∈K y∈K
F (x, y) ≤ 0

F1 F2 · · · Fn X

C1 C2 · · · Cn x ∈ X

F1(x) ≥ C1 F2(x) ≥ C2 · · · Fn(x) ≥ Cn

n
∑

i=1

aiFi = 0 a1



a2 · · · an

n
∑

i=1

Ciai ≤ 0

X f1 f2 · · · fn

X fi(x) < 0 (i = 1

2 · · · , m)

p1 p2 · · · pm x ∈ X

m
∑

i=1

pifi(x) ≥ 0

124

1

k
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1965

3 1945

1952

13

1970

1982



1989

1993

[1]
21 1942 289 368

[2]
35 1949 652

655 36 1950 31 35

[3]



37 1951 760 766

[4]
38

1952 121 126

[5]
56 1952 431 437

[6] 39
1953 42 47

[7]

38 1956 99 156

[8]
8 1957

617 622

[9]
142 1961 305 310

[10]
69 1963 773 777

[11] 259
1964 3925 3928

[12]
163 1966 189 203

[13] n
Sm

2 1967 588 602

[14]
187 1970 114 116

[15]

1972 103 113

[16]
179 1982 293 298

[17]



1990 358 370

[18]
1979

[19]
1979

[20]
1984

[21]

1984

[22]
1982

[23] 1
1982

[24]

1969

[25]
1991

[26]
1973 1974

[27] 1980

[28]

1985 1988



1916 4 30

2001 2 24



1916 4 30

2001 2 24
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1956
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1956

1958
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1938

0 1

3

1948

80
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1984



· · · · · ·

1 2

n

x1 x2 · · · xn p1(x1) p2(x2)

· · · pn(xn)

H = −K
n

∑

i=1

pi pi

K

2

10 e



X X p(x)

fn Xn → Un

U

V p(u v) p(u v) u

v

gn V n →
Xn

[x, p(x)]

x−→ f
u−→

[U, p(u|v), V ]
−→ g

x−→

C

H

C/H

C > H C

H

H − C

H − C

C > 0



ε > 0

R (0 < R < C) (a1, a2, · · · ,
an) R ε

1948

1948

1956

· · · · · ·



1959

1967

1980

[1]
27 1948 379 423 623 656

[2]
1949

[3]
1956

1963

[4]
1960 93

126



[5]
2 1956 1 3

[6]
1980

[7]
19 1973 1 3 8

[8] 1988



1918 10 6

1974 4 11



1918 10 6

1974 4 11

1933

1936

1938



1938

1939 1

1939

1944

1949

1950

1950

1951

1951

1955 1956

1956



1957

1960 1961

1963

1962

1965

1966



1964

1965

1967

1967 1970



1971

1972 1973

1974

1973

1974 4 11

140 30



1953

1956



· · ·



1950

+ · =

X X p > p0

p0 X

0 X

p

1955

1956



1955

17

1927

1958

T T ′

T

1970 1963



· · ·
1973

ε − δ

1960

R∗ R

0



R∗ R

R

R R∗

R R

R∗ R

R∗ R

R∗ R

1966

1973



1975

1973



1975

1976

1976

1979

90 1500

1973



[1]
1951

[2]
1995

[3]
1956

1964

[4]
1956

[5]
1963

[6]
1966

1980

[7]

1975



[8]
1

1979

[9]
2

1979

[10]
3

1979

[11]
8 1976 3 307 323

[12] 1918 1974
25 1976



1933 5 22 1996 3 19



1933 5 22 1996 3 19

1947

1938 1948

1949 1953

1954

1957

1962 1977

1988 1978



1980 8

1958 1990

1982 1978 1979

302

−d < 0

n
∑

d=1

h(−d) = 4π

21ζ(3)
n

3

2 − 2

π2
n+R(n) (1)

ζ(s) =
∞
∑

m=1

1

ms
s > 1

R(n) 1917

1 1963



R(n) = O(n
2

3 ( n)6)

R(n) = O(n
2

3
+ε)

1963 u2 + v2 + w2 ≤ x P (x)

P (x) =
4

3
πx

3

2 +O(x
2

3 ( x)6),

P (x) =
4

3
πx

3

2 +O(x
2

3
+ε)

1958

G(k) =≤ k (3 k + 5.2)

1977

G(k) ≤ k(3 k + 4.2)

1964 g(5) = 37 1974 g(4) ≤
27 1985

g(5) = 37 g(4) ≤ 20 1986

g(4) = 19

1859 s = σ+ it

ζ

ζ(s) =
∞
∑

n=1

1

ns

ζ

(

1

2
+ it

)

= O(|t|α)



α

ε > 0

ζ

(

1

2
+ it

)

= O(|t|ε)

ζ

(

1

2
+ it

)

= O(|t|α( |t|)β)

α = 1
6

β = 1 1949 α = 15
92

+ ε 1964

74 α = 6
37

β = 1 1965

α = 6
37

β = 0

1988

α = 9
56

β = 2

1837

l k ≥ 1 kn + l

n = 1 2 · · ·
p(k, l) 1934

ε > 0 k

p(k, l) ≤ kl+ε

1944

c > 0

p(k, l) = O(kc)

1957 c ≤ 104 c ≤ 5448 1965



c ≤ 777 c ≤ 168

17 15 1989 c ≤ 13.5

1991 c ≤ 8

x > 0 (x − √x, x) 1921

ε > 0

x > 0 (x − x
1

2
+ε, x)

ε > 0 x > 0

(x−xε, x) Pm m

1920 x

P11 ∈ (x − √x, x] 1969

x P2 ∈ (x− x
6

11 , x] 1975

x P2 ∈ (x − √x, x] 1979

x P2 ∈
(x − x0.477, x]

1981 x

P2 ∈ (x− x0.45, x]

1742

≥ 6

≥ 9



1857

1 p p+ 2

1920

1937

E(x) x 1937

A

E(x) = O

(

x

( x)A

)

1972

c > 0

E(x) = O(xe−c
√

x)

1975 L

δ > 0

E(x) = O(x1−δ)

1979 δ > 0.01 1990

δ > 0.04 δ > 0.05



{a, b}
Pa + Pb {1, 1}

1920

1

{9, 9} 2 p′ p′+2

∑

p′

1
p′

1947

1941

{1, b}

R(x, η) =
∑

d≤xrη

µ2(d)
y≤x (l,d)=1

∣

∣

∣

∣

ϕ(y d, l)− y

ϕ(d)

∣

∣

∣

∣

1932 {1, b} 1948

η0 > 0 η < η0 A > 0



R(x, η) = O

(

x

( x)A

)

{1, b} b

1962 η0 = 1
3

{1, 5}

η0 = 1
3

{1, 4}

η0 b

{1, 3} 1962

1963 η0 = 3
8

{1, 4}

1965 η0 =
3
8

{1, 3}

η0 = 1
2

{1, 3}
1966 {1, 2}

1973 {1, 2} 1966

{1, 2}



Ω Ω

Ω

Ω

1972

{a · · · · · · } a

|{a · · · · · · }| a p p′

D(N) = |{a a = N − p, a = p′, p ≤ N, 2|N}|
Hk(N) = |{a a = p+ 2k, p ≤ N, a = p′}|
D(N, r) = |{a a = N − p, a = pr, p ≤ N, 2|N}|
Hk(N, r) = |{a a = p+ 2k, p ≤ N, a = pr}|

m

C(m) =
∏

p>2

(

1− 1

(p− 1)2

)

∏

λ<p|m

p− 1

p− 2

C0 = C(1) = C(2) =
∏

p>2

(

1− 1

(p− 1)2

)

1978

1 N

D(N, 2) > 0.81C(N)
N
2N

(2)

H1(N, 2) > 0.81C0

N
2N

(3)



3 1986

3 0.81 1.42

2.03

≈ 0.00168 · · ·

D(N)

1871 1922

D(N) ∼ 2C(N)
N
2N

(4)

Hk(N) ∼ 2C(N)
N
2N

(5)

1961 4

N 5 k

1949

D(N) ≤ α0C(N)
N
2N

(6)

H1(N) ≤ β0C0

N
2N

(7)

α0 β0 ≤ 16 + ε ε 1948

1964

α0 β0 ≤ 12 + ε 1962



β0 ≤ 8+ ε

1966 1969

α0 β0 ≤ 8+ ε 1978

{1, 2} 8

2 N

α0 β0 ≤ 7.8342 + ε

1980

α0 β0 ≤ 7.932 + ε

1983 β0 ≤ 68
9

+ ε

1984 β0 ≤ 128
17

+ ε 1986

β0 ≤ 7+ ε

β0 ≤ 6.908 + ε

α0

[1] 1978
1982 1989

[2] 1984

[3] 1987

[4] 1989

[5] G(k) 8
1958 2 253 257

[6] g(5) = 37 13
1964 1547 1568

[7] ζ(1
2
+it) 15 1965 2

159 173



[8] 12 1963
633 649

[9]

12 1963 751 764

[10]
17 1966 9 385 386

1973 2 111 128
1978 5 477 494

[11]
18 1975 5 611 627 22 1979 3 253

275

[12]
21 1978 6 701 739

[13]
L

20 1977 5 529 562 22 1979 8 859
889 32 1989 6 654 673

[14]
23 1980 4 416 430 26 1983

714 731

[15]
1963

[16] 1987

[17] 1981

[18] G(n)
49 1985 5 935 947

[19]

303 1986 4 85 88
303

1986 5 161 163



[20] ζ( 1
2

+ it)

4 13 1986 3 449 472
4 13 1986 3 473 486

[21]
370 1986 101 126

[22]
57 1988 3 1 24

[23]
29 1988 1 60 93

[24] N − p, p+2
42 1984 5 430 438

[25]
33 1988 15 1238 1240

[26]
19 1989 1 38 50

[27]
7 1991 279 289
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