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Solution Key to Second Round of IMAS 2016/2017
Junior Division

1. Which of the numbers below cannot be expressed asna of two prime

numbers?

(A) 19 (B) 20 (C) 21 (D) 22 (E) 23
[ Suggested Solutigh
Note that we can exprel®= 2+ 17, 20=3+17, 21=2+19 and 22= 3+ 109,
Suppose that 23 can be expressed as a sum of itwe pumbers, then one must be
an odd and the other must be an even. Since tlyeeseh prime number is 2, the
other number is 21, which is not a prime numbearstfa contradiction. Therefore the
answer is(E) .

Answer: (E)

2. In AABC, AB=AC and OACB=80°. Construct squarACDE with the given
sideAC. LinesBE andAC intersect at poinf, as shown in the figure. What is the
measure of(1BFC?

E

B C
(A) 55° (B) 60° (C) 65 (D) 70° (E) 7%
[ Suggested Solutigh

Since AB=AC and LABC =[ACB =80°, then IBAC =180 — 2x 80 = 20.
Also, sinceACDE is a square, themrAE = AC = AB;
180 - 110

Moreover, [1BAE =90° + 20 = 110, therefore [JAEB =# =35°.

Thus, OBFC =JAFE =180 - 90 — 35 = 55,
Answer: (A)

3. Alex and Charles were both sending parcels. Théagesrates are as follows:
For the first 10 kg and below, the postage pricg6iger kg; for each successive
kilogram after 10 kg, the postage price per kglighly lower than that of the
first 10kg. It is known that the weight of Alex'samcel is 20% heavier than
Charles’ parcel, and that the postage prices fex &nd Charles are $92 and $80
respectively. How much more is the postage priaekgeof the first 10 kg than
that of each succeeding kg above 10 kg?

(A) 15 (B) 2 (C) 25 (D) 3 (E) 35



[ Suggested Solution]1
Note that the postage price of a 10 kg parcel 5 $6is the weight of parcels of Alex
and Charles were both more than 10 kg. The pogtage for the excess weight
above 10 kg paid by Alex wa$92- $60= $3., while that paid by Charles is

$80- $60= $2(. Suppose the weight of Charles’ parcel wag, then, the weight of

Alex’s parcel would be(1+ 20%)X = 1.Xkg. Then, we havex_—10 - 20 which

1.2x-10 32
gives x=15. So the postage price for each excess kg abokg )
$20+ (15- 10F $26- 5 $, therefore the postage price per kg of the fibskd is

$6- $4= $Z higher than that of each succeeding kg above 10 kg

[ Suggested Solution)2
Note that the postage price of a 10 kg parcel @5 #6is the weight of parcels of Alex
and Charles were both more than 10 kg. The pogtage for the excess weight
above 10 kg paid by Alex wa$92- $60= $3:, while that paid by Charles is

$80- $60= $2(. Suppose the cost per kg of the part that is aegx of 10 kg i$x,

then Alexs’ parcel Weightio+3—2 kg, while Charles’ Weight§L0+§kg. Thus we
X X

have 10+3—2 =1.2x (1O+E) , which gives x=4. The postage price for each excess
X X

kg above 10 kg is $4. Therefore the postal priaekgeof the first 10 kg is
$6- $4= $z higher than that of each succeeding kg above 10 kg
Answer: (B)

4. ltis giventhat A=3x*+3x, B=-x*+x+5 and C=x*+x-1.
AA-(B-2(B- )+ 2A)» B= -
(A) - x*+x+11 (B) —x*—x+11 (C) —xX*+x+1
(D) -X*+x-1 (E) xX*+x+11
[ Suggested Solutich
AA-(B-2(B-XL )+ A B= A+B- €=B+ 20- G ¥-X"+x+ 1.
Answer: (A)

5. On the bookshelf of Mar, there are Literature, Matltics, History and Science
books. If the number of Mathematics Books is 5 8ntleat of the Literature
books, and the number of Science books is 4 tithat df the History books,
which of the following is not a possible number foe total number of books on
the bookshelf?

(A) 21 (B) 23 (C) 26 (D) 29 (E) 30
[ Suggested Solutich

Let x be the number of Literature books anlge the number of History books, where

x andy are positive integers. From the conditions, wevkiirat the total number of

books is X +5x+ y+ 4y = 6x+ 5y.



If x=1and y=3, then 6x+5y =21, if x=3and y=1, then 6x+ 5y = 23;
if x=1and y=4, then 6x+5y= 26;if x=4and y=1, then, 6x+ 5y = 29,
If 6x+ 5y =30, then & must be a multiple of 5, sois also a multiple of 5. This will
lead to 6x= 30, thus, 5y < 0, a contradiction.

Answer: (E)
6. Fill in the 4x4 box so that the numbers 1, 2, 3, and 4 appear A | 4

exactly once in each row and column. Referringht® figure
below, what is the sum of the values of A and B?

[ Suggested Solutigh

Notice that the box that is situated below A céetl, 2, or 4, thus it
must be 3, soA =1, while the box situated above box B can’t be 1
3 and 4, thus it must be 2, so we g&t4. So A+B=1+4=5,
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Answer: 5

7. The lengths of two sides of a triangle are 6 cm &Bdcm respectively. It is
known that the length of the third side is alsoimteger (in cm). What is the
minimum perimeter (in cm) of this triangle?

[ Suggested Solutigh

According the triangle inequality, the differendeaay two sides must be smaller

than the third side. We can derive that the smigtlessible length of the third side is

8 cm, therefore, the minimum perimeterli8+ 6+ 8= 27cm.

Answer: 27 cm

8. Itis given that Figure 1 shows a circle with didemeof 9 cm. Figure 2 shows an
Olympic symbol which consists of five circles, each diameter 9cm. The
distance between two of the tangents to the cinslescm as shown. Find the
length of the Olympic symbol (Figure 3)?

? cm

9cm
<«

' Figure 1 - Figure 2 ' Figure 3

[ Suggested Solutigh
Observe the 3 circles on top row of the Olympic 8ginAccording to Figures 1 and
2, the distance between two adjacent circle8 +s4— 4= Icm, so the total length of
the Olympic Symbol is3x 9+ 2x 1= 2Scm.
Answer: 29 cm



9. The diagram below is composed of many right angkmkceles triangles.
Suppose an ant wants to travel from pdinb pointC, in how many ways can
this be done if the ant is only allowed to move nght or diagonally?

C
A B

[ Suggested Solutich C42

Refer to the diagram on the right, the total nundfer
ways to go fromAto Cis 42 . 12 30
Answer: 42 ways
6 12
6
2 4 2 4

A 1 1 1 1

10. Among the 1000 positive integers from 1 to 100dusize, find the number of
positive integers such thatn®+ n®+n is divisible by 8.
[ Suggested Solutigh

Note that n® +n*+n=n(n*+n+1). If nis a positive integern’ andn will always

have the same number parity, we have+r n+1 is always odd. Thus the given
expression will only be divisible by 8 if and onfyn is divisible by 8. Therefore, the

number of possibla is &8002 125.

Answer: 125 numbers
11. Given that a* +b*+c®=(a+b+c)? wherea, b andc are non-zero real numbers.
+c, c+a, a+b
+ + ?

What is the value ofb
a b C

[ Suggested Solutich
Simplifying the expression above, we g(ab +bc+ca) =0, thusab+bc+ca=0.
ab+bc+ca
er——=
abc

:(a+b+c)(1+}+_])—3:_3_
a b c

Since it is known thad, b andc are all non-zero real numbers, th 0

and 1+—1+—1=O, therefore,bJrC+C+a+aJrIO
a b c a b

Answer: -3



12. Refer to the diagram below, in trapezithBCD, AD//BC. The line passing
throughB and parallel t&CD intersects the line passing througtand parallel to
AB at point E. Point F lies inside ABCD such that OOFAD =0ABC and
OFDA=[DCB. Given that the area &BEF is 20 cni and the area dCEF is
16 cnf, what is the area #BCD?

A D

[ Suggested Solutich E G
ExtendBA-~CD to meet at poinG, as shown in the
right diagram. A D
Observe thaGBEC is a parallelogram, therefore

Seeec = 2Sqsc - Since OFAD = DABC = OGAD, =

OFDA=0DCB=[LGDA and AD = AD, we can
say that AFDALOAGDA, therefore S, = S;5,- B c

Therefore, S,rp = Bepa- SO
SABEF + SDCEF = SGBEC - SGAFD
= 2(Ssac ~ Son)
= 28ABCD
20+ 16

therefore S, = =18 cnf.

Answer: 18 cnf
13. A 4-digit number is said to be ‘good’ if it usesaexly 3 different digits from the
set {2, 0, 1, 7} (at most one of the digits usea t& repeated). For example,
8712 and 7200 are said to be ‘good’ numbers, vt/ and 7175 are not. How
many ‘good’ numbers are there?
[ Suggested Solution]l

We count the number of ‘good’ numbers in 5 cases.
Case 1: All 4 digits are distinct, and there iOnesed.

So three of the digits used should be selected #oinor 7 and one digit should be
selected from 3, 4, 5, 6, 8, and 9, therefore etlaee 6 ways to choose the four digits.
The number of ways to arrange the four digits adiogty is 4x 3x 2x 1= 24ways,
therefore, the number of good numbers in this agex 24= 144

Case 2: All 4 digits are distinct and O is used.

Since 0 is used, two of the digits used shouldebected from 2, 1 or 7, and one digit



to be selected from 3, 4, 5, 6, 8, and 9, so thrre83x 6= 18ways to choose the four
digits. The number of ways to arrange the fourtdigi 3x 3x 2x 1= 1&ways,
therefore, the total number of good numbers in¢hise is18x 18= 324

Case 3: Digits with repetition and there is no édis

Then all digits must be 2, 1 or 7. There are 3 wayselect a repeating number from
2,1 or 7. The number of ways to arrange the fogitdis %lez 12ways.

Therefore, the total number of good numbers in¢hse is3x12= 3€.
Case 4: Digits with repetition and 0 is used once.

Select two digits from 2, 1 or 7, one will be usette and the other is used once, so
there are3x 2= 6 ways in doing so. The number of ways in arrangiregfour digits
(since 0 cannot be the thousands digit)ezig?’;izxk 9. Therefore, the total number

of good numbers in this case &x 9= 54.
Case 5: Digits with repetition and 0 is used twice.

There are 3 ways to select two digits from 2, 1 anthe number of ways in
arranging the four digits is‘2x3+2xl= 6. Therefore, the number of good numbers

in this case is3x 6=18.
Therefore the total number of good numberd4gl+ 324+ 36+ 54 18 57.

[ Suggested Solution}?
We first find all the possible number of ways offrfong the 4-digits numbers that
satisfies that condition of the problem , and thebtracting the cases where 0O is in
the thousands place.
If all four digits are different, we select threigits from the set 2, 0, 1, 7 and select
one digit from 3, 4, 5, 6, 8 and 9, therefore, ¢hare a total of

4x 6x 4x 3x 2x 1= 57t ways in doing such. Now, we subtract the casesevdes
found to be in the thousands place: if this isdage, then 2 digits should be selected
from 2, 1 or 7, while the 3rd digit should be fr@m, 5, 6, 8 and 9, therefore there is
a total of 3x6x 3x 2x 1= 10f numbers when the thousands digit is O.
Next, we consider the case when there is repeaeofuigits. Select three digits
from 2,0, 1 or 7, one will be used twice anddkeer two are used once. You have 4
ways to select the repeated digit and 3 ways txs#te other two digits that will
appear once. There aFe—4x 3; 21 12ways in selecting such. So in this case, there
are 12 x 12 = 144 different ways. Then we agairoraihe instance wherein 0 will
be in the thousands place, which is one-fourtthefdases, therefore#z 36

ways.
Therefore the total number i§76— 108+ 144 36 57 ways.
Answer: 576 numbers



14. In AABC, point G is the midpoint of segme®C, A
BELOAC, CFOAB and lines BE and CF
intersects at poinH. If OEGF =90°, prove that
AH =BC.

[ Suggested Solutigh

SinceBE O AC,CF O AB andG is the midpoint oBC,

therefore, GB=GC =GE =GF . (5 points) F

Because of this,DFC:G=18Oo ZDFGC , HE

OECG = 180 _ZD EGC . therefore B G C

180 -0OEGC 180-0FGC 0OFGC-0OEGC UOEGF . .
- 5 = 5 = =45°(5 points)

Since CF [0 AB, thereforAFC is an isosceles right triangle, therefofd = CF
(5 points)

UECF =

Since poinH is the orthocenter oA ABC, we can see thatAH [1BC,
OFAH =90° -ABC =JFCB and sinceJAFH =90° =0OCFB, AF =CF, we
know that AAFH OACFB. Thus, AH =BC (5 points)

15. It is known that the equatiox® + (x +k)? = y* has positive integers solutions

(%, y), wherex andy are relatively prime. Ik is a positive integer greater than 1,
what is the minimum value &
[ Suggested Solutich
When k=7, the expression has a solution (5, 13). Below @sathatk =7 is the
minimum value . (5 points)

First note thak andk must both be relatively prime, otherwise if theil wave a
common factop, thenp|y?, thereforgp |y, thenx andy will not be relatively prime,
then it will be a contradiction.

Suppose is an even number, thermust be odd, so* and (x+k)* will have a
remainder of 1 when divided by 4, whilg® will have a remainder of 2 when
divided by 4, which is impossible.( 5 points)

Suppose3 |k, thenx is not a multiple of 3, sax* and (x+k)*> will have a
remainder of 1 when divided by 3, whilg* will have a remainder of 2 when
divided by 3, which is impossible.( 5 points)

Suppose5 |k, thenx is not a multiple of 5, sax* and (x+k)* will have the same

remainder of 1 or 4 when divided by 5, whi¢ will have a remainder of 2 or 3
when divided by 5, which is impossible.
In summaryk cannot be multiples of 2, 3 or 5, sinée>1, the smallest possible
value of k=7. (5 points)

[ Note] Gave a set of solutions and declared tkat 7 is the minimum will merit 5
points, Stated th&t cannot be equal to 2, 3 and 5 will also merit Bfso



